Lévy Stable Probability Laws, Lévy Flights, Space-Factional
Diffusion and Kinetic Equations (Two lectures)

(Paul Pierre Lévy, 1886-1971)
(Stable probability laws, alpha-stable probabil@ys/distributions)
Math: = alpha-stable Levy random processes, Leviyano

Mandelbrot: Lévy flights (LFs) = non-Brownian randavalks with long jumps (physics, nature,
finance)

We need a probabilistic background which goes beyond the scope of “traditional” courses for physicists on
probability theory

l. Stable probability laws (stable distributions) andgeneralized central
limit theorem

# 1 Definition. Stability = invariance under summation. x;, X, X3, ,Xi.i.d. (independent

identically distributed) r.v. (random variables) pess a stable distributionlifc, > 0 andd,, such
that

n d
Xp+ X+ oo +X, =) X =¢,X +d, _ (1)
i=1

d
= equal in probability

cn scaling factor
Theoremc, = n*a , 0<as<?2, a index of stability (math), or Lévy index (phys).

Alternative definition . X1, X2, andX i.i.d. r.v. possess stable distribution if forA > 0, B > 00JC
> 0, D such that

d
AX1+BX,=CX +D (2)

ThenOa O (0,2] such that
Cl=A"+B7 . (3)

Noteworthy examples:

1. a = 2 (Gaussian distribution)

Probability density function (PDFpg (X; 0, () =

1
N2mo
Y7 mean,o2 variance.

2. a =1 (Cauchy — Lorenz probability law)



PDF%(X;V,@:%W , Jdxpe( =1 .

These two distributions belong to the class of stable distributions, but they are very different.

Gauss: all the moments are finite.
_ . 1
Cauchy: Asymptoticspc U ?

Cauchy: no integer moments, only fractional momenthe ordeq < 1 are finite:

(M%) = [ XX Py, )~ [axxx 2 <o it g <1
o .

# 2 Characteristic function (CF) of stable distrbution
_ ihx _ [ _jk _ 7ok “ikx
CF Pk = | dxp()e =(&™) . p L (@)
<eik(X1+X2+...+Xn> :<eikX 1><eikx 2>__<eian> :<eikch>eikdn

Functional equation for CFp(K) : [ p(k)]" = p(c k)€ InK

Solution (Lévy; Khintchine; Gnedenko, Kolmogorov):

Pap (ki 1.0) = expy ivk =0 Kk f (i Bwk a)] ©)
where
K o) = tan(ra/2) if a#l1l O&a<:
A D= 2k it a=1

4-parametric: 0 v < 2 (Levy index), -k < 1 (skewness parametep)> 0 (scale parameterd,
real (shift parameter).

# 3 Properties of probability densities.

(1) aandgare important yanddare less importany/@nddcan be eliminated by proper shift and
scale transformation:

. _1 X-y.
pgﬁ(x,y, o) —; Pa s (T’O’lj .

Notation: pa’/;(x;o,l)z Po 3 x)



(2) Symmetry property

Pg,-5(X) = Py g (—X)

(3) Symmetric stable lawg= 0 p, o(X) = Py 0(—X) (Next lecture: play important role in random

walk theory).
CF for symmetric stable law:

Pa,0(K) = Py (k) =exp( - Ik f

1
pa (k) =1- [k ' += k -k
The first non-analytical term is responsible foyraptotics of the PDF ax — o

C(a)

Fe T

Pa (X) =
[Here: digression on the derivation ofog{with the use of improper integral].
1 . (mna
C(a) :—sm(—j Mrl+a)
Vg 2

Examples. In terms of elementary functions:
Example 1. GaussTo derive from CF>

—x2/4

p (X) = ie
2 Narr
Example 2Cauchy <To derive from the CF>
1
pr(X) =———=
L+ x%)

(4) Extremal stable lawg =+ 1. Important subclass 0&< 1.Next lecture: play important role in
random walk theory as distributions of waiting times.

In terms of elementary function: only for=1/2 ,5= 1.
Example 3. Lévy-Smirnov.

1 _
e 1/2x

Pr/21(¥) =423 |

0 , x<0

x=0



&"I’

B. Gnedenko, A. Kolmogorov, Limit Distributions f&ums of Independent Random Variables
(1949), two citations:

“The prophecy” “All these distribution laws, called stable, desetlwve most serious attention. It is
probable that the scope of applied problems in ey play an essential role will become in due
course rather wide.”

“The guidance for those who write books on statisti physics” “... “normal” convergence to
abnormal (that is, different from Gaussian —A. Glitaple laws ... , undoubtedly, has to be
considered in every large textbook, which interededquip well enough the scientist in the field of
statistical physics.”

#4 Generalized central limit theorem GCLT

Generalized Central Limit Theoremstable distributions are the limit ones for
distributions of sums of random variables (has domsof attraction)= appear,
when evolution of the system or the result of expsent is determined by the sum

of a large number of random quantities

X1, Xo, X3, ....X, LiLd.r.v. PDFf(X): what is the distribution of their summat- o ?
- Gauss,a = 2: attracts f(x) with finite variance
<x2> = T x*f (X)dx < o

- Lévy, 0 <a < 2: attract f(x) with infinite variance and the_sam&asymptotic
behavior

<x2>:°fx2f(x)dx:oo L f(0)~xF9, 0<a<2

—00



More precisely: normal convergence to symmetristable laws

Xq{, ...

0 < u < 2

Xp—iidrv. f(x) ~ 11+y,x_>oo
X
X1+ ... X
1 y : :¢n (X)
n H
1

¢n(x)n—’oo Pa (X)~|X|1—+C,’X - 0,

Levy index o=

N

Gaunssians
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Also:

Electric Field Distribution in an lonized Gas (Holtzmark 1919)
Application: spectral lines broadening in plasmas

* gravity field of starsd = 3/2)
* electric fields of dipoles (= 1)

» velocity field of point vortices in fully develogeurbulence (=3/2)

E) "E’3 g .| E= e?
P \\‘S(/:l 1. F;
LN | E=Ee
e)- [ e
A
W(’f )=e QED~ >

T

H=—=const

[y

I{J’

5 F ot

3 —dimensional
symmetric
stable

distribution

_3
&="2




[I. Continuous time random walk and space fraction&diffusion equation

#1 Basics of CTRW
Return to random walk (RM Lecture #2p(x,t) PDF to find a particle at positionat timet.

- random jumps , PDR(£), A(K)=F{A(£)} = [ dxA(} gk

—00

-- random waiting times, PDB(7), /(u)=L{¢( 1} = J'dn/( ne
0

-- Montroll-Weiss equation (RM lecture #2)

p,uy =240 ___1

(2.1)
1-A(ky (u)
-- No anomaly in waiting time PDF (RM lectures 3-4)
(ry<w= g(u)=1-(rju+O@W¥) , u-0, u>1, (2.2)
<r>:jdrnp(r):— ijdn//(r)e_ur O} .
du du |,=o
0 0 u=0
# 2 Two cases for jump PDR(E).
Case 1.Jump PDF belongs to domain of attraction of the<Sen law.
” 2
2 2 <£> 2
<5 >: [deetE)<w = 200 =1-LK2+0H) k-~ 0u > 2.
d? ¢ - d2A(k
(€)= S5 [ axapod™| =~ LR
dk< - dk _
© k=0 k=0
MW equation gives
2
_ o1 _€)
Pkk,u)=....= D=-— . (2.3)

u+Dk? 2(r)
uP(k,u)-1=-Dk?P(k,u) .

Now, recalling that



2
L{%co(t)}wau)— @ =0) F{d—z ﬂx)} =~ dk)
dx

we can immediately make an inverse Fourier-Laplesresform of (2.3) to get normal diffusion
equation

2
iP(x t):DiP(xt) P(Xxt=0)=0(X),~c0o<x<c, D =<E—> (2.4)
ot o ’ ’ ’ 2(ry '
 Solution:
22
-1 bt
P(x,t) 477Dte o (2.5)

* mean square displacement
<x2> = J' dx x2P(x,t) =2Dt Ot ; normal diffusion

Case 2
Jump PDF belongs to domain of attraction of thblsetlaw with 0 <a < 2.

That means
2\ T ore2 ey a?
<f>—_{odff/l(f)—oo , A@)DW, Ga< 2, [x} o
= AKk)=1-07|kf +.. , k- C (2.6)

(Remind digression on the improper integral).

Plug(2.6)and(2.2) into theMW equation (2.1):

P(k,u): <T> = 1 , D:U_a
(u+a?|kf u+DIkf (7)
or
uP(k,u)-1=-DIkf Pku) . (2.7)
Rewrite (2.7) as
iP(x,t):D o P(x,t) , P(xt=0)=0(x), O<a<zZ
ot a|xf



# 3 Riesz fractional derivative

9=l = [ Xy . go=[ L g
daf | . 2
= T Tk ‘ZT; s (=ik)® (k) = K2 f (k)
daf = _(_A)O’/Z - _|k|0'f(k)
d|”
I =] () et = 9F
d|x|2 S 2T dx?
Example
_ 1
ﬂx)_l-'_xz

d _ —T %exp(—i kxikaqu():— r(ajL(ﬁl)/z co%(a+ 1 arctam}
dj" = 1+x2

Conclusion: space-fractional diffusion equations eerge as a long time-space
limit of a random walk with long random jumps whose PDF A() belongs to
domain of attraction of stable law:
0.0' 2
A& O ko< 2 , (E%Fo
£+ &




(Section Il “CTRW and Space-Fractional Diffusion Equation” continued)
#4 Space-fractional diffusion equation for Lévystable jump PDF

Jumps in discrete time:

X(n) = ji:lf,- MO+ 00 =(e T ) =exf <)

O<a<2 Px (x,n)="?

n
kY &\
Py (k) =( ™) =( e = =<e'k-fj>”=e-na"lk|”

Go to the continuous time y= nAt

Pe(kt)=e k" | p=2
Differentiate: 47
P KT etk
aP(kt)——D‘k‘ P(k.1) il
ot
a
2P( X,1) = Da—P(Xt)
ot o[x”

#5 Solution of space-fractional diffusion equatn, g-th moments and superdiffusion
Go back to Fourier space:

P(k,t) = exp(-D|k/" t)

Asymptotics by using the same trick as shown irtiSed:

Reminder:<x2> = o (consider the integrand), b<ﬁ><|q> <o , (g<a.

Time behavior of thg-th moment:



<|x|q>: [ dx|x%P(x,t) =2[ dx x7 [ 2K glcDkft =(k K =k@)!) =
e 0 2T

o (Dpte_em

—00

:Zde Xq#?%e—ik'x/(ot)l/a_lk,p :<X . :L> _

= 2D [ax x4 [ I grikx K
0 21T

—00

Effective second moment:

2/q
Mz(t;a,q):<|x|q> D(Dt)z’” , §> 1, & o< 2

Superdiffusion phenomenon

e Examples of LFs:
- Optics photons,
- Levyglass
- Strange diffusion along the DNA
- Scaling law of human travel

Imprisonment of Resonant Radiation in Gases:
Photon Trajectories as Lévy Flights

¢ Compton (1922): transfer of excitation

as a type of Brownian motion = a"]/a[ = DDZn

diffusion-type equation for the density of
excited atoms |

Essential assumption: | D =/]2/32' <:> p(r) O expf r //])

Mean free path

BUT ! Kenty (1932), Holstein (1947): frequency dependent absorption

1 1 _
p(r)DW oF p(r)DrBT :> A =0

Lévy flights of photons in hot atomic vapours
(Mercadier et al. Nature Physics 2009)

* Measuring the step Source cell Observation cell
size distribution of A=
photons = [,,{f‘

e Under Gaussian
assumptions of

emission and Laser boam, ccp \

absorption spectra ﬁ
(Doppler broadening)
1 ;
PN =———— N
r2/in(r /1) 2




A Lévy Flight for Light
(P. Barthelemy et al, Nature 2008)

Lévy transport

FLIGHTS OF =T
FANCY

» |deal experimental
system to studyl évy

flights in a controlled way = New optical materiallin

which light performs a

* Precisely chosen Lévy flight — L évy glass

distribution of glass
microspheresof
different diameters d

Spatial distribution
P(d) - d(2 +a) of the transmitted intensity

"Paradoxical” Diffusion in Chemical Space

(deoxyribonucleic acid)

Mpulk
!

Dp « Motion of binding proteins or enzymes
along DNA: detach to a volume- reattach
before reaching the target

(Berg —von Hippel model)

Bulk
excursion

k

Sliding

on

* Intersegmentaljumps permitted
at chain contact points due to polymer looping

L
Intersegmental
transfer

Target \,—
finding j(£) * Contoured length |x| stored ) | (1-a

in a loop between contact points a=1/2

Optimal Target Search on a Fastolding Polymer Chain (Lomholt et al.2005)

ﬁn(xyt): DBLZ+DLi_k0ﬁ n(X,t)+k0nnbu|k _](t)d(x)
ot ax? aIxf

Scalinglawsof humantravel p =2
(Brockmann, Huf nagel , Geisel , Nat ur e 2006)

Money as groxy for humantravel: trajectoriesof banknotesoriginated from 4
places=s reminiscentof Lévyflights in the US currencytracking project

b i)

\ ¢ W o Emgm
ha Seattle Jacksonville New York \ w N\ o

r= ‘7( -% ‘ Geographical displacement between two report 10° @E%

2~ ™| |ocation of a bank note 10 @%’@E@
P a7 o 4
—,BW(t,r) =D W(tr), a=8=06u=28B loa] “ 5 % orim
ot arf



lll. Lévy Flights, Lévy motion / Alpha stable Lévy processes (symmetric case)
The same phenomenon from the random processes theory point of view.

# 1 Definitions, terminology, examples

(1) L4(1): non-stationary Markov process with stationaryependent increments distributed with
the alpha-stable law

pa(k,7) =(explik(Ly t+7) -1y ¢)]) = exq D k I7)
(2) Stationarity of increments:
d
La(ti+7) = La (tp +7) =Ly (ty) ~Ly (1)
(3) Physically: increments = jumps

(4) White Lévy noise = Sequence of increments

(5) Physically : description of processes with Ige outliers, far from equilibrium.

Examples of the Lévy noises include

economic stock prices and current exchange rates (1963)

radio frequency electromagnetic noise

underwater acoustic noise

* noise in telephone networks

e biomedical signals

e stochastic climate dynamics

 turbulence in the edge plasmas of thermonuclear devices (Uragan
2M,ADITYA,2003; Heliotron J,2005...)

«Levy Turbulence» in boundary plasma
of thermonuclear devices

2 I A A

L evy statisticsof plasma fluctuations: Wn)’ W WW" H, u M f
ﬁ mf@i Ty = Uragansu B
- “un | \ s

J ]‘- tHzgl T3 'viWWWMWWVMWW\w

{% ) - E Sl , e
) : / = Heliotron J ,v:'Jﬁ[V HAA f WWWM i
acter of fluctuations in other B e -

dewces(DIII -D, TCABR, ...)

“Levy turbulence” is a widely spread phenomenoes Models are strongly needed !

Motion of a test patrticle in the
Guiding Center Approximation :
~ dr _ Eo(r) X BO JE(f,t) XBO
JE(F,t) : Levy random field a_ Bg wr 82
0




# 2 First passage and arrival properties of LFs

Two random quantities: first passage time and fiestsage overshooting (leapovethe motion
starts akg > 0 the boundary is at=0

ey 4P dT
p(t;X0) =~ =~ {)dxf(x,t)

Probability to leave the interval (&, within the time from t till t+dt.

(1) Universality of the First passage time PDF / “Barre Andersen Universality” .

p()0t™32 & = 2

(2) Gaussian case f (x,t) =W (X —Xg,t) "W (X +Xq,t)

52 _
_ X0 x0/(4Dt) [ =3/2

2
1 X
Jarmnt® W(x,t) = ——exp ——
22 U= T '{m
(t)= [ dtt p(t; xg) = oo
0

(3) LFs:

f(X1)= fim(Xt) =W (X =xg,t) "W (X +xg,t) 7

W)= | %Texp(—ikx) exq-D k)

ey 4P d (1) Ot
Pm(tix0) == =~ {)dxf.m(x,t) Pim(t)

—1—1/a¢ t—3/2

Method of images breaks down for Lévy flights dued their non-local nature, which manifests
itself in the non-zero leapover

(4) Probability of first arrival time (Problem #3 from the assignment sheet).

a
g:Da f
ot alxr’

~ Pra(t)o(x)



f(x,t=0)=90(x—Xp), X0 >0, fx=0t)=C(

First arrival # first passage for LFs !

(5) First passage overshooting (leapover)

PDF of overshooting:

1
f(l) b |1+a/2

Reminder. For LFsp(x) O

|x f+e

The PDF of the first overshooting decays slower thmathe PDF of LFs which produce this
overshooting !



IV. Langevin Equation with Lévy noise and space-frational Fokker-Planck
Equation

# 1 Langevin equations : % Newton’s law

dv du dx
m—=-——-ymv+&(t) , — =V
v ALAS IO

(1) - white Lévy noise
» overdamped approximation: neglect inertia.

# 2 Fokker-Planck equation

of 0 (dU j 07 f
= f l+D————
ot ox\ dx o|xF

a =2 : “normal” Fokker-Planck equation

# 3 Reminder. Boltzmann distribution

2
dx\ dx

f(x):Cexp(—%j , _]':def x)=1

# 4 Stationary solution for LFs in Harmonic Potemial

2
U(x) ==, K
2 d|x*

<To derive the equation for the CF>

a
f(k)= exp{—%]

f(|><|—>°°)=%, C:Sin(lm;{[zjr(a), <x2>:TdXX2f(X)=oo

X b

Properties of stationary PDF: unimodality and slowy decaying asymptotics




#5 Stationary Solution of LFs in Quartic Potental
dx 3
= =X" +Yq (1)

dt

a
i(ng)er U =0
dx d|x|a

3
© S =sant k)

fX)=——
) m(1- X2 +x4) .
YV

| 0 |

Xmin =0 Xmax = £1//2

F(x) 0 x4 <x2>: ojo dx x2f(x) =1

co

Confined LFs: finite variance, out of the domain ofattraction of stable laws



