


The founding fathers of diffusion theory: (r?(t)) oc Kt
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Marian Smoluchowski
(1872-1917)

William Sutherland
(1859-1911)

Paul Langevin (1872-1946)
Albert Einstein (1879-1955)




Deterministic & stochastic equations
Continuity equation:
OP(x,t 0
9P(z,t) _ _ 2 S(x, t)
ot ox
Constitutive equation (Fick's 1st law):
0
S(z,t) = —K—P(x,t)
ox
Diffusion equation (Fick’'s 2nd law):
OP(x,t 0?
%) K——P(e,1)

Gaussian solution for P(x,0) = (x):

1
P(z,t) = —— ex
t

-4 =2

A. Fick, Poggendorff's Annal. Physik. 94 59 (1855); Phil. Mag. 10, 30 (1855) 3



Deterministic & stochastic equations ||

Fokker-Planck equation in an external potential V' (z) & Boltzmann distribution:

OP(x,t) o V'(x) 0? ( V(a:))
Rl e A2 K— | P(z,t) ~ Py(z)= e —
ot (8:13 mn * Ox? (2, ) (@) Viz) &P kgT
Einstein-Smoluchowski-Sutherland relation: K = kgT'/(mn)
Newton's second law for particle with Stokes friction F' = —mmnw:
. e 1, 1
mo(t) + mnu(t) =0 ~ wv(t) =v(0)e Stat Phys: §m<v ) = EkBT

Stochastic differential (Langevin) equation with fluctuating force F't(t):

m () +mnu(t) = Fy(t) o (Fp(t)) =0, (Fy(t)Fy(t)) = 2mnksT8(t—1)

Mean squared displacement:

v(0)%t?, t < 1/n
(@ (®)) ~ { 2Kt, t> 1/n

N van Kampen, Stochastic processes in physics & chemistry 4



Les atomes: Brownian motion and Avogadro’s number
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J Perrin, Comptes Rendus (Paris) 146 (1908) 967: N 4 = 70.5 x 1022; | Nordlund, Z Physik (1914): N 4 = 5.91 x 1023 5



Brownian motion & random walks applied . . .

Louis Bachelier, 1900:
Brownian motion of
financial markets

Karl Pearson, 1905:
Spreading of mosquitoes
in rain forests

Marian v Smoluchowski, 1916:
Molecular reaction kinetics Elliott Montroll, 1943:
Manhattan project,
chain reaction of
neutrons

Scanned at the American
Institute of Physics




STRANGE KINETICS
of single molecules Stochastic processes:
intliving cells models «<—— data

Eli B‘ rkai, ngql Garini, and Ralf Metzler

Anomalous diffusion: (r*(t)) ~ t% H = 5

Disorder, ergodicity, Gaussianity, ageing . . .

data set H measured H prediction

Rhodamine 100% 0.38 £ 0. 02 0.42 £+ 0.04

Rhodamine 75% 0.18 4 0.02 0.18 £ 0.01

Rhodamine 30% 0.07 £ 0.02 0.04 4 0.03

Tracers in 0.31 £+ 0.01 0.30 £ 0.02

treated cells 0.44 £ 0. 01 0.44 £ 0.01

Tracers in 0.31 £ 0.01 0.33 £ 0.02

untreated cells 0.55 £ 0.01 0.57 £ 0.01

The irreproducibility of time-averaged observables in living cells Amoeba 0.58 £ 0.01 0.55 £+ 0.03
poses fundamental questions for statistical mechanics and 0.42 + 0.02 0.40 4+ 0.02
L — ) &2 29 Harvester ants 092 £ 012  0.95 % 0.08
0.47 4+ 0.03 0.45 4+ 0.03

Commuting kite 0.84 4+ 0.02 0.86 4 0.02

0.76 & 0.01 0.80 £ 0.02

Searching kite 0.06 £+ 0.02 0. 06 + 0.01

Stork (Aug-Sep) 1.20 + 0.03 1.08 4+ 0.02

1.03 £+ 0.01 1.04 £ 0.06
Stork (Oct-Jan) 0.74 £ 0.02 0. 68 £ 0.03

0.80 £ 0.02 0.73 4+ 0.10

Stork (Mar-Apr) 1.08 + 0.02 1.04 + 0.02

Vulture 0.82 £+ 0.02 0.84 4 0.02

0.76 £ 0.02 0.70 4 0.04

D Krapf & RM, Phys Today (2019)

RM et al, PCCP (2014); O Vilk et al, PRR (2022)



Passive motion of submicron tracers in cells is viscoelastic |
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Brownian yet non-Gaussian diffusion in soft & bio-matter
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Instantaneous diffusivity of shape-fluctuating proteins
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P(x,t)

0.1 ¢

0.01

0.001

Fickian, non-Gaussian diffusion with diffusing diffusivity

MV Chubinsky & G Slater, PRL (2014): diffusing diffusivity

[see also R Jain & KL Sebastian, JPC B (2016)]
Our minimal model for diffusing diffusivity:
z(t) = /2D(t)€(t)

D(t) = y*(t)
y(t) = =1 'y + on(t)

Sim t=100 *
Sim t=10

Sim t=1

IFT t=100
IFTt=10 ——

P(x.t)

0.01

01+ FTt=1 —— |

0.001
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Generalised ~ distribution & non-equilibrium diffusivity initial conditions: V Sposini, AV

Chechkin, G Pagnini, F Seno & RM, NJP (2018)

AV Chechkin, F Seno, RM & IM Sokolov, PRX (2017)
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CTRW-like motion of Ka channels in

Occurrences - Clustered Channels

AV Weigel, B Simon, MM Tamkun & D Krapf, PNAS (2011); theory: Y He, S Burov, RM & E Barkai, PRL (2008)

Temporal MSD (um?)
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Fractional Brownian motion

FLE: fluctuation-dissipation ~» asymptotic thermal equilibrium [books by Zwanzig, Kubo|:
Rouse chain, harmonically coupled passive particle, single-file diffusion

FBM: ‘“external noise” for non-equilibrium systems or “open systems” [Klimontovich,
Statistical physics of open systems| ~ biological cells, animals, weather, finance

Mandelbrot-van Ness FBM [SIAM Rev (1968)]:

WO VaDugult) . 0<H<1: (P(0) =Dyt (a=2m)

£ (t) is fractional Gaussian noise, understood as the derivative of smoothed FBM:

(Eu(t)Eu(t+ 7)) = 2—15(\15 + 812 =217 + |t — 5|2H) ~ H(2H — 1)7°77?

Displacement correlator: LOp

(e(t + 6t) — £(8)] - [£(5) — £(O)]) .|
ot? 0.4

0.2f

C(St(t) —

Csi(t) (¢4 6t)* — 26> + |t — 6t)*" |
Cs:(0) 25¢2H 02

_04L




Counts Counts Counts

Counts

JF Reverey, J-H Jeon, H Bao, M Leippe, RM & C Selhuber-Unkel, Sci Rep (2015); S Thapa, N Lukat, C Selhuber-Unkel, A Cherstvy & RM, JCP (2019)

Superdiffusion in supercrowded Acanthamoeba castellani
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Single lipid motion in bilayer membranes: FBM, Gaussian

o DSPC
FLE (theory)
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D Molina-Garcia, T Sandev, H Safdari, G Pagnini, AV Chechkin & RM, NJP (2018)

J-H Jeon, H Martinez-Seara Monne, M Javanainen & RM, PRL (2012) 15



Crowding in membranes: non-Gaussian lipid/protein diffusion
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Viscoelastic diffusing-diffusivity model

FBM-generalised diffusing-diffusivity model:
dx(t
42t8) _ \f2D(0en(t

dt
with D(t) as squared Ornstein-Uhlenbeck process Y (t):

p(t) = v, T = v g

1 ‘ ‘
0.6 10 O SimH=1,t=01
A Sim H=1,t =10
Theo H=1,t=0.1
0.51% ;\# ——-ThioH:l,t:l()
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N A Sim H=0.1,t=10
0.4+1 J \\;- E 100 Theo H=0.1,t=01 ]
E/ i:rl+1+ = ——-Theo H=0.1,t =10
e L —— = 5 SR T -
T 0.3 A 1 )
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|/ » Sim ¢ = 102 | al ,
02, A Simt=10° 10 AT,
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W Wang, AV Chechkin, F Seno, IM Sokolov & RM, NJP (2020); W Wang, AG Cherstvy, AV Chechkin, S Thapa, F Seno, X Liu & RM, JPA (2020)



P(x,t)

P(x,t)

P(x,t)

FBM: accretion & depletion effects near hard boundaries
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Brain serotonergic axons as FBM paths

Correlated fluctuations effect non-flat profile

Subdiffusion H=0.3
Diffusion H=0.5
H=0.7
Superdiffusion H=0.8
H=0.9

S Janusonis, N Detering, RM & T Vojta, Front Comp Neurosc (2020); T Guggenberger, T Vojta & RM, NJP (2019) 19
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Figure 10: Half year rolling-window estimates of o on the realized variance measures of
regression (3.10) with m = 3. The pink area is the 95% confidence interval by bootst
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the first bailout during Greek debt crisis and the Brexit referendum.

J Gatheral, Rough volatility: an overview; G Lee et al, Sci Adv (2021)
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Scaling analysis of anomalous diffusion: molecules — animals

15
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Persistent FBM identified for the flights of larger birds

O Vilk, E Aghion, T Avgar, C Beta, O Nagel, M Weiss, A Sabri, D Krapf, R Sarfati, DK Schwartz, RM, R Nathan & M Assaf, PRR (2022) 21



Maximum likelihood Bayesian data analyses

Prob(Model|Data)

Model Probability
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S Thapa, AG Cherstvy & RM (2018); AG Cherstvy, S Thapa, CE Wagner & RM, Soft Matter (2019)
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The ANomalous DlIffusion challenge

e L

A RTl C I_ E ‘ ") Check for updates

https://doi.org/10.1038/541467-021-26320-w OPEN

Objective comparison of methods to decode
anomalous diffusion

Gorka Mufioz-Gil® !, Giovanni Volpe® 2™, Miguel Angel Garcia-March3, Erez Aghion?, Aykut Argun?,
Chang Beom Hong5, Tom Bland®, Stefano Bo® 4, J. Alberto Conejero3, Nicolds Firbas 3,

Oscar Garibo i Orts® 3, Alessia Gentili® /, Zihan Huang 8 Jae-Hyung Jeon 5 Hélene Kabbech® °,
Yeongjin Kim®, Patrycja Kowalek® '°, Diego Krapf® ", Hanna Loch-Olszewska® '°, Michael A. Lomholt'?,
Jean-Baptiste Masson® '3, Philipp G. Meyer® 4, Seongyu Park® >, Borja Requena® !, Ihor Smal®,
Taegeun Song® 1412 Janusz Szwabiriski'®, Samudrajit Thapa® 118, Hippolyte Verdier® 3,

Giorgio Volpe 7, Artur Widera 19, Maciej Lewenstein 1'20, Ralf Metzler® 1 & Carlo Manzo® 121

G Mufioz-Gil et al., Nat Commun (2021)



Bayesian-weighted deep learning model selection

Classical NN Bayesian NN

Input Neural Network
P output output

™ SN
m:e

X
OO

XO)—>a=1

‘ 1.254
K.)‘Q =1 e

prob(a)

T=10 T=100 T=500

B
B

2
o

N attm
. ctrw
mm fom
Y]

s sbm

o o o
B o ]
gt model: attm

®
[N

=
o o

idence

~ o o o o o

o o N B o (-]
gt model: ctrw

gt model: fbom

Beyond the Black Box problem

T
mean p
=g
o

o o
o o

@
'S

n predicted confi

o
-
o]
N
o

gt model: Iw

e
)

2 2
o o

e
©

g S
o

H Seckler & RM, Nat Comm (2022)

gt model: sbm

e
)

n
|

2.0 (;0 2.0 0.0
anomalous exponent a

S
o



Bayesian-weighted deep learning model selection

model 2: attm model 2: ctrw model 2: fom model 2: lw model 2: sbm

model 1: attm
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H Seckler & RM (2023)
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