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Relaxation processes

Deborah number:

k =
Relaxation time scale

Experimental time

The tar pitch drop experiment (U Queensland):

Date Event

1927 Setup experiment

1930 Stem cut

12/1938 1st drop fell

02/1947 2nd drop fell

04/1954 3rd drop fell

05/1962 4th drop fell

08/1970 5th drop fell

04/1979 6th drop fell

07/1988 7th drop fell

11/2000 8th drop fell
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Mittag-Leffler relaxation in rheology

WG Glöckle & TF Nonnenmacher, Macromol (1991) 3



Mittag-Leffler relaxation
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Moduli of carbon-black filled rubbers

Fractional Zener model of rheology:

σ(t) + τ
q
0 0D

q
t

(

σ(t) − σ0

)

=
(

Gm + Ge + G∞

)

0D
q
tτ

q
0

(

ε(t) − ε0
)

+Geτ
q−µ
0 0D

q−µ
t ε(t) + G∞ε(t)

RM, W Schick, HG Kilian & TF Nonnenmacher, J Chem Phys (1995) 7



Rebinding of CO to myoglobin

WG Glöckle & TF Nonnenmacher, Biophys J (1995) 8



Anomalous diffusion occurs from micro to macro scales
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Single molecule experiments vs ensemble average

Σ
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Charge carrier diffusion in amorphous semiconductors

Waiting time distribution

ψ(t) '
τα

t1+α
⇔ ψ(u) = exp (−[uτ ]

α
)

In the bias of the electrical field:
√

〈(∆x)2〉

〈x(t)〉
' t

0
!

√
〈(∆x)2〉

〈x(t)〉
' t

−1/2

︸ ︷︷ ︸
α=1

H Scher & E Montroll, PRB (1975) 11



Ageing charge carrier motion in polymeric semiconductors
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Power-law waiting time dynamics in subrecoil laser cooling

p

τ p
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0
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Trapping time PDF of particles near zero momentum:

ψ(τ) ' τ−3/2

F Bardou, JP Bouchaud, O Emile, A Aspect

& C Cohen-Tannoudji, PRL (1994)

S Schaufler, WP Schleich, VP Yakovlev, PRL (1999)

Power-law switching times in quantum dots
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Blinking dynamics in quantum dots: amplitude scatter
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CTRW-like motion of Ka channels in plasma membrane

ψ(τ) ' τ−1−α scale free

δ2(∆) apparently random

∆/T 1−α ' δ2(∆) 6= 〈r2(∆)〉 ' ∆α

P (r, t) ' exp
(

−βr1/[1−α/2]
)

T

AV Weigel, B Simon, MM Tamkun & D Krapf, PNAS (2011) 15



Reconstruction of waiting time PDF from hydraulic field
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Y Edery, A Guadagnini, H Scher & B Berkowitz, Wat Res Res (2014) 17



The Continuous Time Random Walk (CTRW) model

Waiting time distribution ψ(t); characteristic waiting time 〈t〉 =

∫ ∞

0

tψ(t)dt → ∞

Jump length distribution λ(x); jump length variance 〈δx2〉 =

∫ ∞

−∞
x
2
λ(x)dx < ∞
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CTRW with α = 0.5, ψ(t) ' τα/t1+α

Montroll & Weiss, J Stat Phys (1969); Scher & Montroll, Phys Rev B (1975) 18



Scher-Montroll equation

η(x, t) = δ(t)δ(x) +

∫ t

0

dt
′
∫ ∞

−∞
dx

′
η(x

′
, t

′
)λ(x− x

′
)ψ(t− t

′
)

η(k, u) = 1 + η(k, u)λ(k)ψ(u)

P (x, t) =

∫ t

0

dt
′
η(x, t

′
)Ψ(t− t

′
) ∴ Ψ(t) = 1 −

∫ t

0

dt
′
ψ(t

′
)

P (k, u) = η(k, u)Ψ(u) = η(k, u)
1 − ψ(u)

u

P (k, u) =
1 − ψ(u)

u

1

1 − λ(k)ψ(u)
∴ ψ(u) ∼ 1− (uτ)

α
, λ(k) ∼ 1− (σ|k|)µ

J Klafter, A Blumen & MF Shlesinger, PRA (1987) 19



A primer on the fractional Fokker-Planck equation
Waiting time and jump length densities:

ψ(t) ' τα

t1+α
, 0 < α < 1; Λ(x, x

′
) = λ(x−x′

)
(

A(x
′
)Θ(x−x′

)+B(x
′
)Θ(x

′−x)
)

Continuum limit: fractional Fokker-Planck equation:

∂

∂t
P (x, t) = 0D

1−α
t

(

∂

∂x

V ′(x)

mηα
+Kα

∂2

∂x2

)

P (x, t) ∴ Kα =
kBT

mηα

Riemann-Liouville operator: Subordination:

0D
1−α
t f(t) =

1

Γ(α)

∂

∂t

∫ t

0

f(t′)

(t− t′)1−α
dt

′
∴ P (x, t) =

∫ ∞

0

Eα(s, t)PM(x, s)ds

Generalised Laplace kernel (s∗ ≡ ηαs/η1):

Eα(s, t) = L
−1

{

ηα

η1u1−α exp
(

−uαs∗
)

}

=
1

αs
H

1,0
1,1

[

(s∗)1/α

t

∣

∣

∣

∣

(1, 1)

(1, 1/α)

]

Mittag-Leffler form of the mode relaxation:

Tn(t) = T0Eα
(

− λnt
α
)

=
∑ (−λntα)n

Γ(1 + αn)
∼
{

1 − λnt
α/Γ(1 + α)

1/ (Γ(1 − α)λnt
α)

RM, E Barkai & J Klafter, PRL (1999), EPL (1999); RM & J Klafter, Phys Rep (2000); J Phys A Rev (2004) 20



Fractional diffusion equation

Time-fractional diffusion equation:

∂

∂t
P (x, t) = 0D

1−α
t Kα

∂2

∂x2
P (x, t)

Equivalent version:

0D
α
t P (x, t) − 1

Γ(1 − α)
t
−α

=
∂2

∂x2
P (x, t)

Initial value also needed for consistency: after integration
∫

·dx,

lhs: 0D
α
t 1 − 1

Γ(1 − α)
t
−α

= 0

rhs: Kα[∂P (x, t)/∂x]
∞
−∞ = 0

Alternatively, use Caputo operator

RM & J Klafter, Phys Rep (2000); RM, E Barkai & J Klafter, PRL (1999) 21



Solution of the fractional diffusion equation

P (x, t) =
1√

4πKαtα
H

2,0
1,2

[

x2

4Kαtα

∣

∣

∣

∣

(

1 − α
2 , α
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(0, 1),
(
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2, 1
)

]

P (x, t) ∼ 1√
4πKαtα

√

1

2 − α

(

2

α

)(1−α)/(2−α)( |x|√
Kαtα

)−(1−α)/(2−α)

× exp

(
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2

(
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2
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Fractional diffusion-advection
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Lack of time scale causes weak ergodicity breaking (WEB)
Unbinding time PDF to bulk, rebinding time PDF to cylinder for ψ(t) ' t−1−α:

℘unb(t) ∼ κ1−α

κofft1+α
; ℘reb(t) ∼ S

kont1+α
, S = π(R

2
2 − R

2
1)

In this system time averages are random & different from ensemble averages: WEB

pbound ≡ lim
t→∞

tbound

t
6=〈pbound〉 ≡ kon
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Extracting information from single Brownian trajectories

Ensemble averaged MSD for normal diffusion (on average # jumps ∼ elapsed time t):

〈

r
2
(t)
〉

=

∫

r
2
P (r, t)dr = 2dK1t

(

= 〈δr2〉 t
τ
, K1 =

〈δr2〉
2dτ

)

Single particle trajectory r(t), t ∈ [0, T ]:

δ2 (t) =
1

T − t

∫ T−t

0

[

r(t
′
+ t) − r(t

′
)
]2

dt
′
=

1

T − t

∫ T−t

0

〈δr2〉 t
τ
dt

′

Single trajectory information equals ensemble information (Boltzmann-Khinchin):

lim
T→∞

δ2 (t) = 2dK1t =
〈

r
2
(t)
〉

Anomalous diffusion is not always ergodic (weak or strong violoation):
〈

r
2
(t)
〉

' Kαt
α 6= δ2 (t) ' t/T

1−α

WEB: signature of non-stationarity of process. SEB: discontinuity of phase space

E Barkai, Y Garini & RM, Phys Today (2012); Y He, S Burov, RM & E Barkai, PRL (2008); S Burov, RM & E Barkai, PNAS (2010) 25



Time averaged MSD & weak ergodicity breaking (WEB)

Time averaged MSD ' ∆ is pseudo-Brownian and ageing (〈x2(t)〉 ' Kαt
α):

〈

δ2(∆)
〉

∼ 1

N

N
∑

i

δ2i (∆) ∼ 2dKα

Γ(1 + α)

∆

T 1−α ∴ Kα ≡ 〈δr2〉
2τα

Amplitude distribution δ2 of trajectories (ξ ≡ δ2/〈δ2〉):

φα(ξ) ∼ Γ1/α(1 + α)

αξ1+1/α
L

+
α

(

Γ1/α(1 + α)

ξ1/α

)

φ1/2(ξ) =
2

π
exp

(

−ξ
2

π

)

; φ1(ξ) = δ(ξ − 1)

Confinement does not effect a plateau (〈x2(t)〉 ' const(T )):
〈

δ2(∆)
〉

∼
(〈

x
2
〉

B
−〈x〉2B

) 2 sin(πα)

(1 − α)απ

(

∆

T

)1−α
;

1

(Kαλ1)1/α
� ∆ � T
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Y He, S Burov, RM & E Barkai, PRL (2008); S Burov, RM, & E Barkai, PNAS (2010); JH Jeon . . . & RM, PRL (2011) 26



Granule subdiffusion in harmonic optical tweezer potential
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Further analysis of the lipid granule data
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Ageing effects in single trajectory time averages

atageing period measurement t

Ageing mean squared displacement (Λ(z) = (1 + z)α − zα)
〈

δ2(∆)
〉

a
=

Λα(ta/T )

Γ(1 + α)

g(∆)

T 1−α
< 〈x

2
(t)〉a '

{

tα, ta � t

tα−1
a t, ta � t

Probability to make at least one step during [ta, ta + T ]: population splitting

mα(T/ta) ' (T/ta)
1−α

, T � ta
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Quenched trap model for scale-free process

At each lattice site Ex is the depth of the trap. {Ex} are iid random variables with PDF

%(E) =
1

kBTg
exp

(

−
E

kBTg

)

By Arrhenius’ law for escape, τx = exp(Ex/kBT ), we obtain

ψ(t) '
T

Tg
t
−(1+T/Tg)

JP Bouchaud & DS Dean, J Phys I (1995); C Monthus & JP Bouchaud, J Phys A (1996) 30



Velocity autocorrelation function: CTRW vs FBM
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Noisy CTRW processes /w OU-noise

〈x
2
(t)〉 =

2Kα

Γ(1 + α)
t
α
+

η2D

k

(

1 − e
−2kt

)

〈

δ2(∆)
〉

∼
2Kα

Γ(1 + α)

∆

T 1−α
+

2η2D

k

(

1 − e
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Correlated Continuous Time Random Walks

Waiting time ψi is conditioned by waiting time ψi−1:

P (ψi, ψi−1) = P (ψi|ψi−1)P (ψi−1)

By iteration this means that ψi depends on all previous waiting time:

P (ψi, ψi−1, . . . , ψ0) =
i

∏

n=1

P (ψn|ψn−1)P (ψ0)

Problem: difficult to evaluate

Question: can we find a more direct way of introducing correlations?

Montero & Masoliver, PRE (2007) 33



Correlated CTRW: coupling of waiting times

Correlated waiting times: τi = |τi−1 + ξi|, such that 〈τ〉 ' t1/α

〈

δ2(∆, T )
〉

'
2Kγ∆

T 1−α/(1+α)
, 〈x

2
(t)〉 = 2Kγt

γ
, γ =

α

α+ 1
∈ (0, 2/3]
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V Tejedor & RM, JPA FTC (2010); M Magdziarz, RM, W Szczotka & P Zebrowski JSTAT (2012), PRE (2012) 34



CCTRW: Ageing behaviour

Ageing response to sinusoidal force:
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M Magdziarz, RM, W Szczotka & P Zebrowski JSTAT (2012), PRE (2012) 35



Coupling of jump lengths

Correlated jump lengths: λi = λi−1 ± ξi

Gaussian distribution of jump lengths:

〈x
2
(t)〉 =

t(t+ 1)(2t+ 1)σ2

4
⇔

〈

δ2(∆, T )
〉

∼
3σ2

4
∆

2
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Macromolecular crowding in living cells

SR McGuffee & AH Elcock, PLoS Comp Biol (2010) 38



Fractional Brownian motion (viscoelastic environment)

Fractional Gaussian noise: 〈ξ(t1)ξ(t2)〉 ∼ αKα(α− 1)|t1 − t2|
α−2

Position autocorrelation: 〈x(t1)x(t2)〉 = Kα

(

t
α
1 + t

α
2 − |t1 − t2|

α
)

; t1, t2 > 0

Ergodicity is satisfied:
〈

δ2(∆, T )
〉

∼ 2Kα∆
α
=

〈

x
2
(∆)

〉

0 2 0 4 0 6 0 8 0 1 0 0 1 2 0

- 2

- 1

0

1

2

x(
t)

t i m e  t

F B M  w i t h  = 0 . 5

Mandelbrot & van Ness, SIAM (1968); W Deng and E Barkai, PRE (2009); RM et al, Acta Phys Polon B (2009) 39



Viscoelastic diffusion 〈r2(t)〉 ' Kαt
α is asymptotically ergodic
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EB
(∆/t)

EB
(∆/t)4−2α

Fractional Langevin equation:

r̈(t) +

∫ t

0

η(t− t
′
)ṙ(t

′
)dt

′
= ζ(t)

with η(t) =
∑N

i=1 ai(k)e
−νit → t−α &

〈ζi(t)ζj(t
′)〉 = δijkBTη(|t− t′|), Gauss

Fractional Brownian motion:

ṙ(t) = ζ(t)

In both cases: limT→∞ δ2(∆) = 〈r2(∆)〉

Ergodicity breaking parameter:

EB = 〈ξ
2
〉 − 1, ξ = δ2(∆)

/〈

δ2(∆)
〉

i

k k

i+i−1 1

W Deng & E Barkai, PRE (2009); JH Jeon & RM, PRE (2010); M Schwarzl, A Godec & RM, Sci Rep (2017) 40



Passive motion of submicron tracers in cells is viscoelastic
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Superdiffusion in supercrowded Acanthamoeba castellani

inhibits myosin II motors

depolymerises microtubules

inhibits actin polymerisation

y motors cause superdiffusion

Centrosome
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Ac n ûlaments

Vesicle

Diges ve

vacuole

Contrac le

vacuole
Acanthapodium

A B

JF Reverey, J-H Jeon, H Bao, M Leippe, RM & C Selhuber-Unkel, Sci Rep (2015) 42



Viscoelastic anomalous diffusion: transient WEB & ageing

Unbounded motion is ergodic: δ2(∆) = 〈r2(∆)〉 The motion does not age
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Transient WEB in confiment: Transient ageing:

δ2(∆) ∼ 2〈x
2
〉th

(

1 −
γ

k∆2−α

)

δ2(∆) = fst(∆) + fage(∆, ta, T )

[J-H Jeon, N Leijnse, L Oddershede & RM, New J Phys (2013), [J Kursawe, J Schulz & RM, PRE (2013)]

J-H Jeon & RM, PRE (2012)]

atageing period measurement tW Deng & E Barkai, PRE (2009) 43



FBM: accretion & depletion effects near boundaries
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FLE shows equilibrated behaviour
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Tempered FLE motion: crossover to faster diffusion

Tempered fractional Gaussian noise:

〈ξ(t)ξ(t + τ)〉 =















C

Γ(2H − 1)
τ
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e
−τ/τ?

C

Γ(2H − 1)
τ
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(

1 +
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)−µ
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D Molina-Garcia, T Sandev, H Safdari, G Pagnini, AV Chechkin & RM, NJP (2018) 46



Geometry induced strong non-ergodicity in random fractals
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˜〈

δ2(∆)
〉

=
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i,ζ

δ2i,ζ(∆)

N × Nζ

= ˜〈r2(t)〉

Non-ergodic: limT→∞ δ2(∆)

Y Mardoukhi, J-H Jeon & RM, PCCP (2015) 47



Richardson (relative) diffusion in turbulence: 〈l2(t)〉 ' t
3

 on May 6, 2014rspa.royalsocietypublishing.orgDownloaded from 

 on May 6, 2014rspa.royalsocietypublishing.orgDownloaded from 

∂q

∂t
= ε

∂

∂l

(

l4/3
∂q

∂l

)

, ε ∼ 0.4 cm2/3sec−1 Richardson

∂q

∂t
= εt2

∂2

∂l2
q(l, t) Batchelor
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LF Richardson, Proc Roy Soc London Ser A (1926); GK Batchelor, Proc Cambridge Philos Soc (1952) 48



WEB in granular gas & SBM as mean field theory
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Haff’s law: T (t) = T0/(1 + t/τ0)
2

〈r2(t)〉 ∼ 6D0τ0 log(1 + t/τ0)

〈

δ2(∆)
〉

∼ 6D0τ0∆/T

A Bodrova, AV Chechkin, AG Cherstvy & RM, NJP (2015); PCCP (2015) 49



Non-existence of the overdamped limit in slow SBM
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Crossover from ballistic to overdamped motion no longer defined by time scale of inverse

friction. For small α & ultraslow the SBM overdamped limit is never fulfilled

Ageing case: [H Safdari, A Bodrova, AV Chechkin, AG Cherstvy & RM, PRE (2017)]

A Bodrova, AV Chechkin, AG Cherstvy, H Safdari, IM Sokolov & RM, Sci Rep (2016) 50



Position dependent diffusivity: heterogeneous diffusion

Markovian diffusion process with K = K(x) à la Richardson:

K(x) = K0|x|
α

=⇒ 〈x
2
(t)〉 ' t

p

Multiplicative Langevin equation:

dx(t)

dt
=

√

D(x)ξ(t)

�
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Kuehn et al, PLoS ONE (2011) BP English et al, PNAS (2011)

�

AG Cherstvy, AV Chechkin & RM, New J Phys (2013); PCCP (2013); Soft Matter (2014); J Phys A (2014) 51



Heterogeneous diffusion processes with K(x)

Markovian diffusion process with K = K(x) à la Richardson:

K(x) = K0|x|
β

=⇒ 〈x
2
(t)〉 ' t

p
〈

δ2(∆)
〉

'
∆

T 1−p
, p =

2

2 − β
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Many common features with CTRW: PRE (2014), JPA (2014)

AG Cherstvy, AV Chechkin & RM, New J Phys (2013); PCCP (2013); Soft Matter (2014) 52



Ageing behaviour in anomalous diffusion processes

Continuous time random walk with ψ(t) ' τα/t1+α:

〈

δ2(∆)
〉

a
= Λα(ta/T )

〈

δ2(∆)
〉

< 〈x
2
(t)〉 '

{

tα, ta � t

tα−1
a t, ta � t

∴ Λα(z) = (1 + z)α − zα [JHP Schulz, E Barkai & RM, PRL (2013); PRX (2014)]

Same functional forms for Scaled Brownian Motion with K(t) = Kαt
α−1

[H Safdari, AV Chechkin, GR Jafari & RM, PRE (2015)]

and for heterogeneous diffusion processes with K(x) = K0|x|
α

[AG Cherstvy, AV Chechkin & RM, JPA (2014)]

Fractional Langevin equation motion:

〈

δ2(∆)
〉

= fst(∆) + fage(∆; ta, T ) ∴ fage '
[

v
2
0 − 〈v

2
〉th
]

∆
2
t
−2α
a , ta � T

[J Kursawe, JHP Schulz & RM, PRE (2013)]
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Ultraslow dynamics in ageing many-particle systems

n=0 n=1 n=2 n=3

∆t = 0 for travel in between sto

t = t0

( )

���������

Brownian particles: Harris’ law 〈x2(t)〉 ' t1/2

Functionalised particles moving /w ψ(t) ' t−1−α

y scaling argument: n → log t:

〈

x
2
(t)
〉
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Logarithmic evolution: Sinai diffusion & mean field CTRW
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Ultraweak ergodicity breaking: chaos & marine predators

For superdiffusive Lévy walk with 〈x2(t)〉 ' t3−α and 1 < α < 2:

〈

δ2(∆)
〉

T
=
〈

δx2
〉

∞
+ T

3−α

[

α− 1

3

(

∆

T

)3

− α

(

∆

T

)2
]

and

〈

δ2(∆)
〉

∞
= lim

T→∞
δ2(∆) = 2

(

(1 + ∆)3−α − 1

(3 − α)(2 − α)
−

∆

2 − α

)

EB parameter (T → ∞)

EB(τ) =

〈

δ2(∆)
〉

〈x2(∆)〉
∼

1
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A Godec & RM, PRL (2013); D Froemberg & E Barkai, PRE (2013) 56



Tracer diffusion in disordered environments

AG Cherstvy, AV Chechkin & RM, Soft Matter (2014); S Ghosh, AG Cherstvy & RM, NJP (2016) 57



Time averaged & delay time analyses of financial time series

GBM dX(t) = µX(t)dt+ σX(t)dW (t)

δ2
d
(∆) =

T−∆
∫

td

[X(t+ ∆) −X(t)]2 dt

T − td − ∆

∼
∆

T − td
X

2
0

(

e
σ2T

− e
σ2td

)

log
[〈

δ2
d
(∆, td)

〉/〈

δ2(∆)
〉]

∼ td/T

AG Cherstvy, D Vinod, E Aghion, AV Chechkin & RM, NJP (2017) 58



Stochasticity of fixational eye movements
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CJJ Herrmann, RM & R Engbert, Sci Rep (2017) 59



Gumbel universal limit law for Min-Max/Max-Min processes
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Manifestations of WEB [RM, JH Jeon, AG Cherstvy & E Barkai, PCCP (2014)]

〈x2(t)〉
〈

δ2(∆)
〉

Correlated jump lenghts ' t3 ' ∆2T V Tejedor & RM, JPA (2010)

K(x) = K0|x|
α ' t2/(2−α) ' ∆T 2/(2−α)−1 A Cherstvy et al, NJP (2013)

K(t) ' K0t
α−1 ' tα ' ∆Tα−1 JH Jeon et al, PCCP (2014)

Subdiffusive CTRW ' tα ' ∆Tα−1 Y He et al, PRL (2008)

Correlated waiting times ' tα/(1+α) ' ∆Tα/(1+α)−1 V Tejedor & RM, JPA (2010)

Ultraslow CTRW ' logα(t) ' (∆/T ) logα T
A Godec et al, JPA (2014)

Sinai (quenched) ' log4(t) ' (∆/T ) log4 T

Ageing CTRW ' log(t) ' ∆ log(T ) MA Lomholt et al, PRL (2013)

K(x) = K0 exp(−2x) ' log2(t) ' (∆/T )1/2 A Cherstvy & RM, PCCP (2013)

Lévy walk ' A(α)t3−α ' A(α)
α−1∆

3−α
D Froemberg & E Barkai, PRE (2013)

A Godec & RM, PRL/PRE (2013)
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