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First passage time problems
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First passage time problems
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Boundary value problem: absorbing boundary condition (Cauchy problem)

aP( t)—KazP( t) . P(0,t) =0
ot © = Ox? BE »

Redner, A guide to first-passage processes, CUP (2001)



First passage time problems: Images method
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Image solution:

Q(I,t) — P($,t;$0) o P(CE,t; _330)

Redner, A guide to first-passage processes, CUP (2001)



First passage time problems: Images method

Image solution
1 (x — x0)? (x 4+ x0)?
t) = ——— — - —
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Survival probability:
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Redner, A guide to first-passage processes, CUP (2001) 5



First passage time problems: Images method

First passage time density:

d.7(t 2
@(t) = — ( ) p— 4 exp = o ~ t_3/2
dt VA1 K3 4Kt

p(t)

Redner, A guide to first-passage processes, CUP (2001)



First passage time problems: First arrival

Removal of probability at « = 0 (arrival)

2

%P(ac, t) = K%P(x, t) — pra(t)é(x) . P(0,t) =0

First arrival density

d o0
W(T) = —— P ,td
pu(t) = =% [ Plat)de

Solving the diffusion equation with sink and initial condition P(x,0) = d(x — xy):

exp(ikxy) + @a(w)

P(k —
(k> w) u + Kk2
Such that
t
P(— ’
P(_CBO,t) :/ @fa(T)P(O,t — T)dT — pfa(u) _ ( Zo U)
0 P(0,u)

The solution for ©¢,(t) matches the first passage density

BD Hughes, Random Walk and Random Environments, Oxford (2000)



Method of images in presence of drift

9 p(a, 1) = V2P t)+K82P( t) NB: V towards bound
—P(x,t) = V—P(x, ——P(x, ; owards boundary
ot ox Ox?
1 (e—zg—-VH)2/(AKt)  Va/K —(a+zg—Vt)2/(4K¢E)
Q(x,t):—[e( g — e e ’ ]
V4T Kt
o —(zo+Vt)2/(4Kt)
t) = ——¢ 0
o) AT Kt3
v
T = —
x0

BD Hughes, Random Walk and Random Environments, Oxford (2000)



First passage behaviour for subdiffusive CTRW

Finite domain:

t
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Semi-infinite domain:
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RM & J Klafter, Physica A (2000)



Ageing effects in single trajectory time averages
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(D)) = e iR C <t>>a_{

t, t, K t
M, ty >t

Probability to make at least one step during [t,, t, + T']: population splitting
mo(T/to) ~ (T/t) ™%, T < t,
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J Schulz, E Barkai & RM, PRL (2013), PRX (2014)
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Ageing induces crossovers in the first passage dynamics
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Ageing current for scale free waiting times
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Ageing charge carrier motion in polymeric semiconductors
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Smoluchowski search picture

Search rate for a particle with diffusivity Dsq
to find an immobile target of radius a
(assuming immediate binding):

k> = 4nDsqa

Protein-DNA interaction: a =~ {few bp} ~ 1nm
Dsq ~ 10um?/sec (typically @1 ~ 5nm):
s 10°

Y

- (mol/1) X sec

on

Lac repressor [AD Riggs, S Bourgeois, M Cohn, J Mol Biol 53, 401 (1970)]:

10"
- (mol/l) X sec

on

— Facilitated diffusion picture

M v Smoluchowski, Physikal. Zeitschr. (1916); P von Hippel and O Berg, J Biol Chem (1989) 14



Facilitated diffusion: the Berg-von Hippel model
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P von Hippel & O Berg, J Biol Chem (1989) Intersegment 15
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Proof of 1D search mode

McGhee & von Hippel isotherm
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YM Wang, RH Austin & EC Cox, PRL (2006); IM Sokolov, RM, K Pant & MC Williams, Biophys J (2005)
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Finite domain: (global) MFPT in (non-)compact domains

Rescaled FPT distribution y(6)

0.1 <

: O 2D and 3D simple lattices (5 pairs)

O 3D supercritical percolation (5 pairs)

0.01 - | © Random barrier model (4 pairs)

3 Random trap model (4 pairs)

71| — Theory (Eq. 5)

T I T I T I T I T
0 1 2 3 4 5

Rescaled time (6)

Key results: distance r from initial point of release to target matters in " compact systems”
(i.e., when d,, > dy)

Fluctuations of the FPT for system size R: o< (R/7)*™ % become large for r < R
when d,, > dy (i.e., in compact case).

O Bénichou, C Chevalier, J Klafter, B Meyer & Voituriez, Nature Chem (2010) 25



Optimisation & universality of FPT in quenched media

d=2 (c) d=3
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MFPT versus ¢ = D3/ D for

initial radii zg = 0.3 (dashed)

Direct trajectories dominate ~
addition theorem for MFPT

A Godec & RM, PRE (2015) 26



(a)J_
Speed & precision in active signalling

Exact results for MFPT & precision o4 = [5012)/(013)]_1/2
of concentration fluctuations @ receptor site compared
to thermal diffusion g = [WDaCtotTm]_1/2
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A Godec & RM, PRE (2015) 27



First-past-the-post: when the MFPT is meaningful

T Mattos, C Mejia-Monasterio, RM & G Oshanin, PRE (2012) 28



Transient intracellular signalling is geometry-controlled
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\ protein
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O Pulkkinen & RM, PRL (2013) 29



<— TF concentration @ TU

Result 1: transient response to repression
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Result 2: time dependence of gene response: bursts!

Sample paths from MC simulations:
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Result 3: gene location matters

TF gene within the nucleoid TF gene on a plasmid

ool T =0.33um

/N

-~

-

N——r

<. 020
t

= r = 0.15um

0.5 r = 0.05um
101.0 0.1 OI.2 OI.S 10 20 50 16.0
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O Pulkkinen & RM, PRL (2013) 32




Sequence (binding energy) effects on target search time

rb O rb rb rb
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03 effect : - .
— ".?-;.i.

E; insensitive
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M Bauer & RM, Sci Rep (2015) 33



Universal proximity effect in few encounter limit
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A Godec & RM, PRX (2016); Sci Rep (2016) 34



Emergence of a new time scale in heterogeneous diffusion

a) 102 ¢ b) 10° ¢
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Dashed lines: MFPT from xg (orange) & outer boundary x = 1 (black); ¢ = D1 /D2

A Godec & RM, Sci Rep (2016) 35



First-past-the-post for 2-channel diffusion

b) | . . . !
10
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A Godec & RM, JPA (2017) 36




Few-encounter effect in cylindrical domain /w finite reactivity
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D Grebenkov, RM & G Oshanin, NJP (2017) 37



Strongly defocused (fluctuating) reaction times

Geometry control: direct trajectories independent of outer boundary
Reaction control: finite reactivity requires multiple collisions

Full first passage time density: Direct vs indirect trajectories:

1078 107 10" 108 10°
I Eifn ‘

() = (ro — 74)(2R? — 1ora[ro + 74])

6Drgr,

R3 _ 3
_|_—a

3KT,

D Grebenkov, RM & G Oshanin, Comm Chem (2019), PCCP (2018); A Godec & RM, PRX (2016), Sci Rep (2016) 38



Reaction/search speedup for N " molecules” in parallel

Fixed starting point: fastest FPT (¢) ~ 1/In N

1/N?, perfect reactivity
1 /N, partial reactivity

2

Uniformly distributed initial conditions: (t)

7
10 ‘ =
I Il RN

px(t)(L?/D)

Grey lines: 100 random initial positions

pn(t)(L*/D)

D Grebenkov, RM & G Oshanin, NJP (2020) 39



Reproducible TA MSD & antipersistent correlations
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First passage statistic of fractional Brownian motion

Naive solution using the method of images:

1 x’ —1—a/2
ex —— > t) ~t
VAT Kt P 4Kt o(t)

P(x,t) =

Contradicts scaling argument (Ding & Wang) and Molchan's analytical result:

p(t) ~ ta/2—2

Conjecture for wedge domain with opening angle ©: p(t) ~ ¢7(@=2)/(20)-1
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JH Jeon, AV Chechkin & RM, EPL (2011); GM Molchane, Comm Math Phys (1999); M Ding & W Yang, PRE (1997)
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Brain serotonergic axons as FBM paths DIVERSION

Correlated fluctuations effect non-flat profile

Subdiffusion H=03
Diffusion H=0.5
H=0.7
Superdiffusion H=0.8
H=09

S Janusonis, N Detering, RM & T Vojta, Front Comp Neurosc (2020); T Guggenberger, T Vojta & RM, NJP (2019) 42



P(x,t)

P(x,t)

P(x,t)

FBM: accretion & depletion effects near boundaries
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P(x,t)

109 }

FBM in superharmonic potentials
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