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Single particle tracking provides unprecedented insight

Superresolution microscopy & supercomputing provide time series r(t)

y insight into the dynamics of complex systems such as living cells

y need for quantitative understanding & new physical concepts (non-
ergodic & ageing dynamics)

Courtesy Yuval Garini Courtesy Matti Javanainen

E Barkai, Y Garini & RM, Phys Today (2012); RM, JH Jeon & AG Cherstvy, BBA Biomemb (2016) 3



Superdense & supercrowded enrivonments in living cells
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Supercrowded [JF Reverey, JH Jeon, H Bao, M Leippe,

RM & C Selhuber-Unkel, Sci Rep (2015)]
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In vivo anomalous diffusion of submicron tracers
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JH Jeon, . . . LB Oddershede & RM, PRL (2011) J Reverey, . . . RM & C Selhuber-Unkel, Sci Rep (2015)
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Passive motion of submicron tracers is viscoelastic
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Superdiffusion in living Acanthamoeba castellani

8

10µm

Blebbistatin treated cells: A-C right after treatment; D-F 1 h after treatment

JF Reverey, J-H Jeon, H Bao, M Leippe, RM & C Selhuber-Unkel, Sci Rep (2015) 7



Superdiffusion in living Acanthamoeba castellani

inhibits myosin II motors

depolymerises microtubules

inhibits actin polymerisation

y motors cause superdiffusion

JF Reverey, J-H Jeon, H Bao, M Leippe, RM & C Selhuber-Unkel, Sci Rep (2015) 8



Molecular motor transport in living biological cells

SR McGuffee & AH Elcock, PLoS Comp Biol
(2010)

Courtesy S Granick
D Robert, TH Nguyen, F Gallet & C Wilhelm,
PLoS Comp Biol (2010)

← via FDT @ equilibrium
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Molecular motor transport in living biological cells

Experimentally established:

Passive subdiffusion

〈δr2
(t)〉 = 〈r(t)2〉 − 〈r(t)〉2 ' tα

with 0 < α < 1

Active superdiffusion

〈δr2
(t)〉 =' tβ, 1 < β < 2

Exponents are connected: β = 2α

A Caspi, R Granek & M Elbaum, PRL (2000)

Viscoelastic medium with complex modulus

(microrheology):

G
∗
(ω) ' (iω)

α

A
:

b
leb

b
istatin

—
n

o
m

icrotu
b

u
les

B
:

m
otor

tran
sp

ort

C
:

P
assive

lip
id

gran
u

le
m

otion

10



Molecular motor in crowded viscoelastic environment

k

xy

x: motor position

y: cargo position

k: spring constant

U : 2-state ratchet

ζ(t): ratchet config

f0: external load

ξ(t), ξc(t): fGn

ηc(t) ' ηα/tα

Equations of motion:∫ t

0

ηc(t− t′)ẏ(t
′
)dt
′
= −k(y − x) + ξc(t)

∫ t

0

η(t− t′)ẋ(t
′
)dt
′
= k(y − x)−

∂

∂x
U(x, ζ(t))− f0 + ξ(t)

Free cargo motion (Dc = kBT/ηc & Dα = kBT/ηα):

〈y2
(t)〉 = 2DctE1−α,2

(
−
[
t

τin

]1−α
)
'
{

2Dct, t� τin

2Dαt
α/Γ(1 + α), t� τin

I Goychuk, VO Kharchenko & RM, PLoS ONE (2014); PCCP (2014) 11



Molecular motor in crowded viscoelastic environment
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Fig. 1 Positions of the motor (black line) and cargo (blue line)
versus time for a single trajectory realization in the case of
anomalous transport (part a, set S1, see Table 1 for the parameters
corresponding to various sets Si) and normal transport (part b, set
S2. Turnover frequency turn 85 Hz. The realizations of counting
process (number of potential switches multiplied with potential
half-period L 2) are depicted by red lines (difficult to detect in part
b because of a perfect synchronization). The broken black lines
depict the dependence of the averaged (over many trajectory
realizations) position of motor on time in the case of a perfect
synchronization (ideal power stroke like mechanism). Upper inset in
the part a, shows diffusion of coupled motor and cargo in the
absence of binding potential. The position variances have been
obtained using a corresponding single-trajectory time averaging, as
described in the text. The upper inset in the part b magnifies a part
of motor and cargo trajectories making the step-wise motion of
motor obvious. It is perfectly synchronized with the potential
switches. Cargo randomly fluctuates around the motor position. The
lower insets show two conformations of binding potential.

Table 1 Parameter sets

Set ˜eff kL,
pN/nm

turn,
Hz

S1 3 104 0.320 85
S2 3 103 0.320 85
S3 3 103 0.032 85
S4 3 104 0.032 85
S5 3 104 0.320 17
S6 3 104 0.032 17

over a large intermediate time range. Initially, both particles
diffuse normally as the viscoelastic friction is not relevant at
such early times. Interestingly, a similar feature, i.e., initially
normal diffusion without any persistence or anti-persistence
in the motion was found experimentally for lipid droplets in
Ref.65. When both motor and cargo particles are harmoni-
cally coupled, the motor particle initially diffuses normally but
eventually becomes enslaved by the cargo particle, and both
subdiffuse. This is shown in the top inset of Fig. 1a, where we
plot the single trajectory MSD in terms of the sliding average

x2 t 1
t

t
0

x2 t t dt (8)

over the particle position variance x2 t t x t t
x t 2. In the limit t this quantity provides the same
information as the ensemble average x2 t , since the con-
sidered viscoelastic diffusion is ergodic30,73,74. We note that,
on average, no mean displacement x t of the motor-cargo
complex occurs. This is in accordance with our intuition: the
subdiffusing particle eventually enslaves the normal one, in
the absence of external forces acting on the latter.

However, once the motor is attached to the microtubular
track, it processively steps in the direction defined by the
asymmetry of the ratchet potential, and now the cargo has
to move along with the motor. This is seen in the main part
of Fig. 1a. Initially, the motor steps are perfectly coupled
to the potential fluctuations, where it should be noted that a
particular realization of the counting process in units of L 2
in this figure is faster than the average value corresponding
to the optimal transport distance d L 1

turnt, cf. the broken
line. Indeed, different realizations of single enzyme dynam-
ics yield different realizations of the potential fluctuations and
the above optimal transport distance is the ensemble average
over many trajectories. The particular realization can be both
faster and slower, with a typical fluctuation in the number of
steps of the order of turnt. After some transient time one
can clearly see the motor backstepping. Moreover, the cargo
particle always fluctuates around the motor position, but on
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average it lags somewhat behind the motor. It is not obvi-
ous from this figure that the transport is anomalously slow and
not just corresponds to some suboptimal mean motor velocity
v vopt L turn. However, the transport is indeed anomalous,

x t t eff , after an initially normal transport regime as can
be deduced after averaging over 1000 different trajectory re-
alizations, as shown in Fig. 2. This allows us to extract the
anomalous transport exponent eff . As already verified in our
previous studies of viscoelastic subdiffusive dynamics in pe-
riodic nonlinear potentials, the value of this eff is generally
time-dependent. However, it relaxes to a long-time limiting
value in the course of time, which is displayed in Fig. 3 as
function of the load f0 for different sets of parameters.

It is very important for physical reasons that the cargo lags
behind the motor, following at a certain mean distance with
fluctuations around it. Therefore, it makes sense to consider
two effective exponents eff for the motor and cargo sepa-
rately. For a stronger linker, both exponents are very simi-
lar because the average distance between the motor and the
cargo is relatively small, see the inset in Fig. 2a. Even in the
strongly anomalous case S1, the average distance saturates at
around x 17 nm, which largely exceeds the correspond-
ing amplitude of the thermal fluctuations, given by the root
mean square (rms) xT kBTr kL 3 58 nm. The elas-
tic spring energy corresponding to the above average distance
is EL k 1

L x 2 2 46 24pN nm 11kBTr. It can be eas-
ily sustained by a covalent bond. However, for a weaker linker
the scenario becomes highly nontrivial and in fact strongly de-
pends on the character of the transport regime. In this case, the
difference between two exponents eff for motor and cargo can
be essential, see in Fig. 3 for larger cargo. For a smaller cargo
in the normal transport case S3, the distance is about 29 nm
at the end of the simulation, see the inset in Fig. 2a, and the
spring energy is about 3 3 kBTr only. However, in the strongly
anomalous regime S4, the mean distance increases to 170 nm
and the spring energy rises accordingly until about 111kBTr.
This is already a typical energy of a covalent bond. Therefore,
such a linker, considered as globular entropic spring, will be
definitely unfolded to reach its maximal length, which can in-
deed be around 150 nm when it is fully stretched and is suf-
ficiently long75. However, the most probable scenario is that
such a linker will simply break or, alternatively, the cargo will
dissociate from the linker and will be lost by the motor. This
is the first important result of this work. Namely, to trans-
fer a large cargo in a strongly anomalous transport regime the
linker must be sufficiently strong. With these caveats in mind,
we consider the case S4 in more detail, as it also reveals an-
other remarkable feature, which is expected to be present for
stronger linkers, as well, albeit to a lesser degree. Namely,
in the case S4 the motor moves faster than in the case of a
stronger linker for S1, see Fig. 2a. This is a remarkable obser-
vation, which was not expected a priori. Given this feature,
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Fig. 2 Ensemble-averaged trajectories (103 different realizations) of
motor and cargo particles for different sets of parameters at two
values of turnover frequencies, 85 Hz (a), and 17 Hz (b). Opposing
force is absent, f0 0, in all cases. Insets show the differences
between the motor and cargo positions for the chosen sets. Transport
of smaller particles is normal. (a) Within anomalous transport
regime of larger particles, the motor-cargo distance increases and
saturates at about 17 nm for S1 and about 170 nm for S4. These
values largely exceed the corresponding thermal rms distances of
3.58 nm and 11.32 nm, respectively. This means that weaker linker
can be unfolded during the transport of larger particle, or even break
down. (b) For a smaller turnover frequency, anomalous transport
becomes normal both for motor and cargo in the case of strong
linker, S5. Surprisingly, for a weak linker, S6, the motor operates
normally, while cargo enters a paradoxical super-transport regime
with exponent eff 1 081, even if moves slower than motor.
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Molecular motor in crowded viscoelastic environment

the motor can be expected to perform a larger work against an
external load f0 for a weaker linker. Moreover, on decreas-
ing the turnover frequency down to 17 Hz (see the case S6 in
Fig. 2b) the motor operates normally, with the same mean ve-
locity as in case S5 corresponding to the optimal motor regime
at this frequency. However, the cargo paradoxically enters a
super-transport regime with a scaling exponent eff 1 081,
see also Fig. 3, while moving slower than the motor. This
means that the transport exponent 2 eff can, in principle,
become larger than two, i.e. the observed motor-mediated dif-
fusion of the cargo can be transiently super-ballistic. This is
our second nontrivial and surprising result. The explanation of
this seemingly paradoxical behavior is quite simple. Namely,
it occurs because the distance between the motor and cargo
increases sublinearly in time, before entering the saturation
regime. To realize this, let us assume first that this mutual dis-
tance grows linearly in time. Then, the cargo distance would
also grow linearly with an effective velocity equal to the mo-
tor velocity minus the velocity of the mutual distance growth.
However, if the mutual distance increases only sublinearly, i.e.
with a velocity which drops in time, see inset in Fig. 2b, it ap-
pears that the cargo moves faster than in the normal transport
regime characterized by the effective velocity. Paradoxically,
an ever increasing delay of the cargo motion past the opti-
mally operating motor due to the weakness of the motor-cargo
linker can be interpreted as a super-transport of cargo. How-
ever, upon a saturation of the motor-cargo distance this tran-
sient regime will be over. This example shows that it can be
very misleading to associate the value of anomalous transport
exponent eff with the speed of transport.

For S1 and f0 0 shown in Fig. 1a, eff 0 63, both for the
motor and cargo. The same value also characterizes the motor
in the case S4. However, for the cargo the transport exponent
here is larger, eff 0 70, even if it moves absolutely slower,
an interesting feature by itself. This once again indicates that
there is no simple general relation between the value of the
transport exponent and the transport speed, contrary to com-
mon belief. The observed features explain the origin of the
superdiffusive exponent in the range 1 2 1 4, in spite
of the low value of the free subdiffusion exponent 0 4
in17. However, for a smaller particle (or rather for a smaller

in our model) corresponding to the case S2, the transport
becomes normal at the same flashing frequency and without
biasing back load, f0 0, as demonstrated in Fig. 1b. In-
terestingly, the corresponding single trajectory realization in
Fig. 1b does not correspond to a larger transport distance at
t 1 s as compared with the anomalous transport in Fig. 1a.
This is simply because the number of turnovers performed un-
til this time is larger in Fig. 1a than in Fig. 1b, for the partic-
ular realizations presented. This reflects statistical variations
of the corresponding counting process, or, in physical terms,
the stochastic nature of single motor proteins. The upper in-

0 1 2 3 4 5 6

0.4

0.6

0.8

1.0

S1S2S3
S4 motor
S4 cargo
S5
S6 motor
S6 cargo

α

f0
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[pN]
Fig. 3 Effective transport exponents eff of the motor and cargo as
functions of loading force f0 for various sets of parameters, as
deduced from the ensemble-average at the end point of simulations
(2.94 sec). These two values of eff differ significantly for weak
linker and large cargo, the cases S4 and S6 shown in this plot. For
other cases, the differences are much less pronounced. For this
reason, the only eff for the motor is displayed for other sets. Notice
that eff of the cargo can be larger than one for a normally operating
motor in the case of a weak linker, S6.

set in Fig. 1b reveals a perfect synchronization between the
potential switches and the motor steps. It renders the red line
corresponding to the potential switches barely distinguishable
in this plot. One can also see in this upper inset that the cargo
particle fluctuates symmetrically around the motor. It does not
lag behind the motor on average, in contrast to Fig. 1a. Fur-
thermore, within a transport regime closer to normal transport
a much softer linker does not significantly change the results,
as demonstrated by Fig. 3 for a smaller cargo. For a larger
cargo, though, anomalous transport becomes clearly affected
in a very nontrivial way, as discussed above.

Notably, the motor can operate normally if the turnover fre-
quency is reduced, see the results for S5 and S6 at f0 0
in Fig. 3. However, the transport of cargo can become both
normal (strong linker, S5), or even, seemingly paradoxical,
anomalously fast, if to judge from the transport exponent eff
for a weak linker, S6. This super-transport is in fact abso-
lutely slower than the normal one, see Fig. 2b and the related
discussion above. These results show that motors can real-
ize both normal and anomalous transport in the viscoelastic
cytosol of living cells, where large submicron cargos subdif-
fuse on the time scale from milliseconds to tens of seconds.
Which transport regime will be realized depends specifically
on the particle size (or fractional friction coefficient ), the
enzyme turnover frequency turn, and on the linker rigidity.
This presents one of the important results of our work.

Furthermore, if a counter-force f0 0 is applied, the

1–13 9

I Goychuk, VO Kharchenko & RM, PLoS ONE (2014); PCCP (2014) 13



Lévy walks of molecular motors in living cells
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Ultraweak ergodicity breaking of Lévy walks

〈x2
(t)〉 ∼

2(α− 1)

(3− α)(2− α)
t
3−α ∼ (α− 1)δ2(t), 1 < α < 2

Time averaged MSD

δ2(∆) =
1

T −∆

∫ T−∆

0

(
x(t+ ∆)− x(t)

)2

dt

δ
2
(∆) ∼ 2

(
(1 + ∆)3−α − 1

(3− α)(2− α)
−

∆

2− α

)
+

(
α− 1

3

[
∆

T

]3

− α
[

∆

T

]2
)
T

3−α

Linear response for constant external force f (0 < α < 2):

〈x(t)〉 ∼ βf
{ 1

2t
2, 0 < α < 1

1
2−αt

3−α, 1 < α < 2
〈x(t)〉 =

1

2
βf〈x2

(t)〉

A Godec & RM, PRL (2013), PRE (2013); D Froemberg & E Barkai, PRE (2013), EPJE (2013) 15



Single particle tracking on macroscopic scales
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Smoluchowski search picture: a centenary

Search rate for a particle with diffusivity D3d

to find an immobile target of radius a

(assuming immediate binding):

k
S
on = 4πD3da

Protein-DNA interaction: a ≈ {few bp} ≈ 1nm

D3d ≈ 10µm2/sec (typically ∅TF ≈ 5nm):

k
S
on ≈

108

(mol/l)× sec

Lac repressor [AD Riggs, S Bourgeois, M Cohn, J Mol Biol 53, 401 (1970)]:

kon ≈
1010

(mol/l)× sec

→ Facilitated diffusion picture

M v Smoluchowski, Physikal. Zeitschr. (1916); P von Hippel and O Berg, J Biol Chem (1989) 17



Facilitated diffusion: the Berg-von Hippel model

P von Hippel & O Berg, J Biol Chem (1989) 18



The rôle of DNA conformations
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More compact DNA conformations speed up the search

[NaCl] k
straight
on [Ms] leff

sl [bp] 1/
√
lDNA [bp] `p [bp] Rtheory Rmeasured

0 mM 0.8× 108 195 518 188 1.18 1.3± 0.2

25 mM 1.0× 108 250 485 175 1.23 1.1± 0.2

100 mM 1.0× 108 250 150 159 1.67 1.7± 0.3

150 mM 0.9× 109 15.5 120 153 1.15 1.3± 0.4

R = kmax
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p(`) ∼
{
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`−dν−(γ−1) SAW, ν ≈ 3
5, γ ≈

7
6

Probability for contact is more restrictive:
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Overshooting the target: Leapovers
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Optimal target search in vitro

Lévy flight comp /w λ(x) ' |x|−1−α ∴ α = 1.2 (3D SAW) ∧ α = 0.5 (3D RW):

∂

∂t
n(x, t) =

(
DB

∂2

∂x2
+DL

∂α

∂|x|α
− koff

)
n(x, t) + konnbulk − j(t)δ(x)

Relevant time scales: unbinding: k−1
off

turnover between diffusion mechanisms:

τBL ≡
(
Dα

B/D
2
L

)1/(2−α)
diffusion

Number of absorbed particles:

J(t) =

∫ t

0

j(t
′
)dt
′

Survival of target site (N =protein number):

Psurv(t) = (1− J(t)/N)
N

→ exp{−J(t)}
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Optimal target search in vitro
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Spatiotemporal gene regulation by diffusing regulatory proteins
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Membranes can be supercrowded

Figure courtesy Helmut Grubmüller 27



Crowding in membranes: non-Gaussian lipid/protein diffusion
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Crowding in membranes: confinement in argon system
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Brownian but not Gaussian diffusion of eukaryotic cells
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Journal of Physics A’s new Biological Modelling section

For anything interesting too mathematical for Biophys J, Phys Biol, or J
Theoret Biol, or not general enough for PRL or NJP . . .

Suggestions for topical reviews & special issues are welcome
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∑
ummary

Centrosome

Microtubulus
Nucleus

Granule
Ac n filaments

Vesicle

Diges ve

vacuole

Contrac le

vacuole
Acanthapodium

: Cells are crowded (superdense/supercrowded)

:: Passive motion of tracers: subdiffusion

::: Superdiffusion due to active motion and/or

cytoplasmic flow

:::: Motor-cargo transport: normal or anomalous

; Lévy flights as approximate model in

facilitated diffusion

;: Optimisation of search process

by non-local transfer mechanism

;:: More on Lévy intermittent

search on Vladimir Palyulin’s poster

[also VV Palyulin, AV Chechkin & RM, PNAS (2014)]

RM, JH Jeon, AG Cherstvy & E Barkai, PCCP (2014); RM, JH Jeon & AG Cherstvy, BBA Biomembranes (2016) 32
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