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Empirical time series of interacting entities, e.g., species abundances, are highly

useful to study ecological mechanisms. Mathematical models are valuable tools to

further elucidate those mechanisms and underlying processes. However, obtaining

an agreement between model predictions and experimental observations remains a

demanding task. Asmodels always abstract from reality one parameter often summarizes

several properties. Parameter measurements are performed in additional experiments

independent of the ones delivering the time series. Transferring these parameter values

to different settings may result in incorrect parametrizations. On top of that, the properties

of organisms and thus the respective parameter values may vary considerably. These

issues limit the use of a priori model parametrizations. In this study, we present a method

suited for a direct estimation of model parameters and their variability from experimental

time series data. We combine numerical simulations of a continuous-time dynamical

population model with Bayesian inference, using a hierarchical framework that allows

for variability of individual parameters. The method is applied to a comprehensive set

of time series from a laboratory predator-prey system that features both steady states

and cyclic population dynamics. Our model predictions are able to reproduce both

steady states and cyclic dynamics of the data. Additionally to the direct estimates of the

parameter values, the Bayesian approach also provides their uncertainties. We found that

fitting cyclic population dynamics, which contain more information on the process rates

than steady states, yields more precise parameter estimates. We detected significant

variability among parameters of different time series and identified the variation in the

maximum growth rate of the prey as a source for the transition from steady states

to cyclic dynamics. By lending more flexibility to the model, our approach facilitates

parametrizations and shows more easily which patterns in time series can be explained

also by simple models. Applying Bayesian inference and dynamical population models

in conjunction may help to quantify the profound variability in organismal properties in

nature.

Keywords: Bayesian inference, chemostat experiments, ordinary differential equation, parameter estimation,

population dynamics, predator prey, time series analysis, trait variability
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FIGURE 3 | Experimental time series 10–18 of 18, data (dots) and posterior predictions of fitted model for nitrogen [µmol l
−1] (blue), algae [cells l

−1] (green) and

rotifers [ind l
−1] (red). Solid lines represent median predictions, shaded areas depict 95% highest density intervals of the predictions. Predicted trajectories 13–18

featured cyclic behavior. Time series 10–12 featured multimodalities in the posterior distribution and the predictions did not exhibit a clear tendency toward a steady

state or cycles.

rates fR (with consumer and resource data available), resulting
in a low uncertainty in estimation just as for cyclic time
series.

The conversion factors cA and cR did not show significant
pairwise differences for steady-state time series 1–9
(Figures 4C,D; Tables 4, 5, top left blocks; with few exceptions
for cR). Some pairwise differences among cyclic time series
13–18 (bottom right blocks) and to steady-state time series (top

right and bottom left blocks) were observed, without being as
systematic as in fA. The uncertainty in parameter estimates is
slightly larger in steady-state time series than in cycles time
series, but the effect is not as prominent as in fA estimates
(see also full tables of estimates, Tables A1–A4, Supporting
Information). All findings of this section regarding uncertainties
in the parameter estimation were in accordance to the simulation
study’s results.
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FIGURE 4 | Marginal posterior distributions of maximum growth rates ln(f
(j)
A
)[d−1], ln(f

(j)
R
)[d−1], and conversion factors ln(c

(j)
A
)[cells µmol

−1 ], ln(c
(j)
R
)[ind cells

−1 ] for fitting

experimental time series (j = 1, . . . , 18). Predicted trajectories 1–9 featured a steady-state equilibrium (green), while predicted trajectories 13–18 featured cyclic

behavior (orange). Time series 10–12 (purple) featured multimodalities in the posterior distribution and the predictions did not exhibit a clear tendency toward a steady

state or cycles. Vertical lines represent medians, boxes represent 50% highest density intervals (HDIs) and horizontal lines represent 95% HDIs.
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TABLE 2 | Pairwise contrasts Pjk = P(f
(j)
A

> f
(k)
A

) of maximum growth rates fA.

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18

1 0.65 0.66 0.47 0.57 0.47 0.46 0.23 0.51 0.54 0.61 0.84 0.97 0.94 0.99 0.99 1.00 0.88

2 0.35 0.50 0.32 0.40 0.32 0.32 0.15 0.36 0.37 0.45 0.65 0.80 0.75 0.88 0.85 0.97 0.66

3 0.34 0.50 0.32 0.39 0.32 0.31 0.15 0.35 0.36 0.45 0.65 0.80 0.75 0.88 0.86 0.97 0.65

4 0.53 0.68 0.68 0.61 0.50 0.49 0.23 0.53 0.58 0.64 0.87 0.99 0.98 1.00 0.99 1.00 0.95

5 0.43 0.60 0.61 0.39 0.40 0.39 0.17 0.44 0.44 0.55 0.83 0.98 0.96 1.00 0.99 1.00 0.88

6 0.53 0.68 0.68 0.50 0.60 0.49 0.25 0.54 0.58 0.64 0.86 0.98 0.96 0.99 0.99 1.00 0.90

7 0.54 0.68 0.69 0.51 0.61 0.51 0.25 0.54 0.59 0.64 0.86 0.98 0.96 0.99 0.99 1.00 0.91

8 0.77 0.85 0.85 0.77 0.83 0.75 0.75 0.78 0.87 0.83 0.94 1.00 1.00 1.00 1.00 1.00 0.99

9 0.49 0.64 0.65 0.47 0.56 0.46 0.46 0.22 0.53 0.60 0.83 0.96 0.93 0.99 0.98 1.00 0.87

10 0.46 0.63 0.64 0.42 0.56 0.42 0.41 0.13 0.47 0.57 0.87 1.00 1.00 1.00 1.00 1.00 1.00

11 0.39 0.55 0.55 0.36 0.45 0.36 0.36 0.17 0.40 0.43 0.71 0.86 0.82 0.94 0.91 1.00 0.71

12 0.16 0.35 0.35 0.13 0.17 0.14 0.14 0.06 0.17 0.13 0.29 0.88 0.60 0.99 0.98 1.00 0.26

13 0.03 0.20 0.20 0.01 0.02 0.02 0.02 0.00 0.04 0.00 0.14 0.12 0.15 0.98 0.94 1.00 0.00

14 0.06 0.25 0.25 0.02 0.04 0.04 0.04 0.00 0.07 0.00 0.18 0.40 0.85 1.00 0.99 1.00 0.04

15 0.01 0.12 0.12 0.00 0.00 0.01 0.01 0.00 0.01 0.00 0.06 0.01 0.02 0.00 0.25 1.00 0.00

16 0.01 0.15 0.14 0.01 0.01 0.01 0.01 0.00 0.02 0.00 0.09 0.02 0.06 0.01 0.75 1.00 0.00

17 0.00 0.03 0.03 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00

18 0.12 0.34 0.35 0.05 0.12 0.10 0.09 0.01 0.13 0.00 0.29 0.74 1.00 0.96 1.00 1.00 1.00

Bold numbers indicate significant differences, quantified by probabilities Pjk > 0.90 (f
(j)
A significantly larger than f

(k)
A ) and probabilities Pjk < 0.10 (f

(j)
A significantly smaller than f

(k)
A ). Block

partitioning refers to time series 1–9 featuring a steady-state equilibrium, 10–12 having multimodal posterior distributions featuring both steady states and cycles, and 13–18 featuring

cyclic dynamics.

TABLE 3 | Pairwise contrasts Pjk = P(f
(j)
R

> f
(k)
R

) of maximum growth rates fR.

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18

1 1.00 1.00 0.81 0.94 0.99 0.97 0.00 0.98 0.00 0.46 1.00 1.00 1.00 0.61 0.03 0.99 0.01

2 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00

3 0.00 1.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00

4 0.19 1.00 1.00 0.81 0.98 0.92 0.00 0.92 0.00 0.16 0.99 1.00 1.00 0.28 0.00 0.96 0.00

5 0.06 1.00 1.00 0.19 0.91 0.80 0.00 0.79 0.00 0.05 0.96 0.99 0.97 0.09 0.00 0.85 0.00

6 0.01 1.00 1.00 0.02 0.09 0.39 0.00 0.37 0.00 0.01 0.68 0.75 0.70 0.01 0.00 0.39 0.00

7 0.03 1.00 1.00 0.08 0.20 0.61 0.00 0.48 0.00 0.02 0.75 0.81 0.77 0.04 0.00 0.52 0.00

8 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 0.93 1.00 1.00 1.00 1.00 1.00 1.00 1.00 0.99

9 0.02 1.00 1.00 0.08 0.21 0.63 0.52 0.00 0.00 0.02 0.77 0.84 0.79 0.04 0.00 0.54 0.00

10 1.00 1.00 1.00 1.00 1.00 1.00 1.00 0.07 1.00 1.00 1.00 1.00 1.00 1.00 0.95 1.00 0.90

11 0.54 1.00 1.00 0.84 0.95 0.99 0.98 0.00 0.98 0.00 1.00 1.00 1.00 0.66 0.03 0.99 0.01

12 0.00 1.00 1.00 0.01 0.04 0.32 0.25 0.00 0.23 0.00 0.00 0.54 0.51 0.00 0.00 0.24 0.00

13 0.00 1.00 1.00 0.00 0.01 0.25 0.19 0.00 0.16 0.00 0.00 0.46 0.47 0.00 0.00 0.16 0.00

14 0.00 1.00 1.00 0.00 0.03 0.30 0.23 0.00 0.21 0.00 0.00 0.49 0.53 0.00 0.00 0.21 0.00

15 0.39 1.00 1.00 0.72 0.91 0.99 0.96 0.00 0.96 0.00 0.34 1.00 1.00 1.00 0.01 0.98 0.00

16 0.97 1.00 1.00 1.00 1.00 1.00 1.00 0.00 1.00 0.05 0.97 1.00 1.00 1.00 0.99 1.00 0.33

17 0.01 1.00 1.00 0.04 0.15 0.61 0.48 0.00 0.46 0.00 0.01 0.76 0.84 0.79 0.02 0.00 0.00

18 0.99 1.00 1.00 1.00 1.00 1.00 1.00 0.01 1.00 0.10 0.99 1.00 1.00 1.00 1.00 0.67 1.00

Bold numbers and block partitioning as in Table 2.

3.5. Comparison to Complete Pooling
Model Fitting
To further support the importance of variation among the
parameter estimates, we also fitted the complete pooling model
using a single set of parameters {fA, fR, cA, cR} for all 18 time
series as a null model. We used the same priors and model fitting

specifications as above. Although a formal model comparison via
information criteria is generally available for Bayesian statistics

(Vehtari et al., 2018), it is not applicable to our dynamical model,
since predictions (and therefore residuals) are correlated along

time. Hence, we compare the complete pooling and the partial

pooling (hierarchical) model qualitatively and quantitatively via

Frontiers in Ecology and Evolution | www.frontiersin.org 10 January 2019 | Volume 6 | Article 234

https://www.frontiersin.org/journals/ecology-and-evolution
https://www.frontiersin.org
https://www.frontiersin.org/journals/ecology-and-evolution#articles


Rosenbaum et al. Estimating Parameters From Time Series

TABLE 4 | Pairwise contrasts Pjk = P(c
(j)
A

> c
(k)
A
) of conversion factors cA.

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18

1 0.45 0.63 0.46 0.41 0.38 0.32 0.66 0.55 0.69 0.57 0.30 0.13 0.07 0.60 0.89 0.68 0.72

2 0.55 0.68 0.51 0.46 0.43 0.36 0.71 0.61 0.76 0.62 0.33 0.14 0.08 0.67 0.94 0.75 0.79

3 0.37 0.32 0.33 0.28 0.27 0.21 0.55 0.43 0.58 0.44 0.20 0.04 0.02 0.45 0.85 0.55 0.60

4 0.54 0.49 0.67 0.45 0.43 0.36 0.70 0.60 0.74 0.62 0.32 0.14 0.08 0.66 0.93 0.74 0.78

5 0.59 0.54 0.72 0.55 0.47 0.40 0.74 0.65 0.78 0.66 0.37 0.18 0.11 0.70 0.94 0.78 0.81

6 0.62 0.57 0.73 0.57 0.53 0.42 0.76 0.66 0.79 0.68 0.40 0.21 0.14 0.72 0.94 0.79 0.82

7 0.68 0.64 0.79 0.64 0.60 0.57 0.80 0.72 0.84 0.74 0.46 0.29 0.19 0.78 0.96 0.84 0.87

8 0.34 0.29 0.45 0.30 0.26 0.24 0.20 0.39 0.52 0.40 0.20 0.06 0.03 0.41 0.77 0.49 0.53

9 0.45 0.39 0.57 0.40 0.35 0.34 0.28 0.61 0.64 0.51 0.26 0.09 0.05 0.54 0.87 0.62 0.66

10 0.31 0.24 0.42 0.26 0.22 0.21 0.16 0.48 0.36 0.37 0.16 0.02 0.01 0.35 0.84 0.46 0.51

11 0.43 0.38 0.56 0.38 0.34 0.32 0.26 0.60 0.49 0.63 0.25 0.08 0.05 0.52 0.87 0.61 0.65

12 0.70 0.67 0.80 0.68 0.63 0.60 0.54 0.80 0.74 0.84 0.75 0.33 0.19 0.80 0.94 0.84 0.86

13 0.87 0.86 0.96 0.86 0.82 0.79 0.71 0.94 0.91 0.98 0.92 0.67 0.29 0.99 1.00 1.00 1.00

14 0.93 0.92 0.98 0.92 0.89 0.86 0.81 0.97 0.95 0.99 0.95 0.81 0.71 0.99 1.00 1.00 1.00

15 0.40 0.33 0.55 0.34 0.30 0.28 0.22 0.59 0.46 0.65 0.48 0.20 0.01 0.01 0.95 0.64 0.72

16 0.11 0.06 0.15 0.07 0.06 0.06 0.04 0.23 0.13 0.16 0.13 0.06 0.00 0.00 0.05 0.10 0.11

17 0.32 0.25 0.45 0.26 0.22 0.21 0.16 0.51 0.38 0.54 0.39 0.16 0.00 0.00 0.36 0.90 0.57

18 0.28 0.21 0.40 0.22 0.19 0.18 0.13 0.47 0.34 0.49 0.35 0.14 0.00 0.00 0.28 0.89 0.43

Bold numbers and block partitioning as in Table 2.

TABLE 5 | Pairwise contrasts Pjk = P(c
(j)
R

> c
(k)
R
) of conversion factors cR.

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18

1 0.64 0.67 0.61 0.36 0.29 0.16 0.68 0.69 0.92 0.62 0.96 0.99 1.00 0.69 1.00 0.69 0.47

2 0.36 0.52 0.45 0.24 0.19 0.11 0.52 0.54 0.81 0.47 0.91 0.95 0.98 0.50 1.00 0.51 0.31

3 0.33 0.48 0.43 0.21 0.16 0.09 0.50 0.52 0.83 0.44 0.92 0.97 0.99 0.49 1.00 0.50 0.27

4 0.39 0.55 0.57 0.25 0.19 0.10 0.57 0.59 0.89 0.51 0.95 0.99 1.00 0.56 1.00 0.57 0.32

5 0.64 0.76 0.79 0.75 0.40 0.24 0.79 0.80 0.97 0.74 0.98 1.00 1.00 0.82 1.00 0.82 0.63

6 0.71 0.81 0.84 0.81 0.60 0.32 0.84 0.85 0.98 0.80 0.99 1.00 1.00 0.87 1.00 0.87 0.71

7 0.84 0.89 0.91 0.90 0.76 0.68 0.91 0.92 0.99 0.89 0.99 1.00 1.00 0.94 1.00 0.94 0.85

8 0.32 0.48 0.50 0.43 0.21 0.16 0.09 0.52 0.82 0.45 0.91 0.96 0.99 0.48 1.00 0.49 0.28

9 0.31 0.46 0.48 0.41 0.20 0.15 0.08 0.48 0.81 0.43 0.91 0.96 0.98 0.46 1.00 0.47 0.26

10 0.08 0.19 0.17 0.11 0.03 0.02 0.01 0.18 0.19 0.14 0.75 0.86 0.93 0.10 0.99 0.12 0.02

11 0.38 0.53 0.56 0.49 0.26 0.20 0.11 0.55 0.57 0.86 0.93 0.97 0.99 0.55 1.00 0.56 0.34

12 0.04 0.09 0.08 0.05 0.02 0.01 0.01 0.09 0.09 0.25 0.07 0.59 0.79 0.05 0.97 0.05 0.02

13 0.01 0.05 0.03 0.01 0.00 0.00 0.00 0.04 0.04 0.14 0.03 0.41 0.76 0.00 0.97 0.01 0.00

14 0.00 0.02 0.01 0.00 0.00 0.00 0.00 0.01 0.02 0.07 0.01 0.21 0.24 0.00 0.88 0.00 0.00

15 0.31 0.50 0.51 0.44 0.18 0.13 0.06 0.52 0.54 0.90 0.45 0.95 1.00 1.00 1.00 0.51 0.19

16 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.01 0.00 0.03 0.03 0.12 0.00 0.00 0.00

17 0.31 0.49 0.50 0.43 0.18 0.13 0.06 0.51 0.53 0.88 0.44 0.95 0.99 1.00 0.49 1.00 0.20

18 0.53 0.69 0.73 0.68 0.37 0.29 0.15 0.72 0.74 0.98 0.66 0.98 1.00 1.00 0.81 1.00 0.80

Bold numbers and block partitioning as in Table 2.

their predictions. In contrast to the previous hierarchical model,
the complete pooling model produces transient and steady-
state predictions for all time series. Cyclic dynamics can not be
reproduced (Supporting Information, Figures A10, A11). Also,
the predicted equilibrium fails to reproduce the correct level of
algae and rotifer states in some cases. This corresponds to a
generally lower predictive accuracy when fitting algal and rotifers
time series with the complete pooling model as compared to
the hierachical model (Supporting Information, Figure A7). The

effect is highest for cyclic time series 13–18, but also pronounced
in time series 2, 3, 8, and 10, where the equilibrium states are not
reproduced correctly.

3.6. Transition From Cyclic Dynamics to
Steady States
To support the observation that low maximum growth rates
fA cause cyclic dynamics while high maximum growth rates
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yield a steady-state equilibrium (Figure 4), we performed a
simulation study. We numerically simulated the chemostat
model (Equations 1–3) while systematically varying growth
rates fA between 1 d−1 and 7.389 d−1 (corresponding to
parameter values ln(fA) between 0 and 2). The maximum
growth rate of the predator and the conversion factors were
held constant at their estimated overall means exp(µln(θ))
across the 18 time series (fR = 1.419 d−1, cA = 3.865 ·

107 cells µmol−1, cR = 1.065 · 10−5 ind cells−1). The bifurcation
diagram (Figure 5) shows system states of simulations over
200 days after discarding the first 100 days and clearly
indicates cycles for low growth rates and steady states for
high growth rates, with the Hopf bifurcation located in fA =

4.446 d−1.

4. DISCUSSION

In this study we presented how a differential equations
model can be fitted to observed time series data of species
abundances, taking predator-prey dynamics as an example. Next
to obtaining key model parameters in situ, this method
allows to decipher variability in the outcomes among
replicates and to point toward probable sources of this
variability.

The comparison of choosing the time series identity as a
random effect (partial pooling) to a model using only a single
set of parameters (complete pooling) shows that allowing for
such a variability in the parameters between replicates can be
crucial to see whether time series data agree with a model.

FIGURE 5 | Bifurcation diagram for simulations with varying maximum growth

rate fA, while keeping the remaining parameters constant at the fitted overall

means. A Hopf bifurcation occurs at fA = 4.446.

Especially if a certain parameter is close to a bifurcation, as it
seems to be the case in our system for the maximum growth
rate of the algae fA, minor deviations in this parameter result
in different predictions for the system dynamics. In such cases,
in-situ parameter estimation allows the detection of parameter
sets for both steady states and cyclic dynamics, which can
be separated by a multi-dimensional bifurcation boundary in
models with a high number of parameters. Thereby, the chosen
model structure may be accepted for all replicates, even if
their dynamics differ, without increasing the model complexity.
Instead, more than one parameter set might be needed to
cover the whole diversity of possible and observable patterns in
population dynamics.

Of course, this method requires that the model structure used
for fitting the data applies sufficiently well to the mechanisms
acting in the system delivering the data. Also, the data quality
has to be high enough. We see that the dynamics of the prey
are fitted better than those of the predator, which may be
explained by different mechanisms: (i) The densities of the
prey in the data are much larger than those of the predator.
Assuming that the relative experimental error of counting
decreases with larger individual numbers, this error should be
smaller for the prey than for the predator. This increases the
regularity of the dynamical patterns and simplifies the fitting
of the prey time series. (ii) Rotifers, as metazoan animals,
possess a more complex life-cycle than algae. Their dynamics
may be affected by age-structure, variable resource co-limitation
and other factors, which, for simplicity, were not included in
the model. These non-modeled processes obviously decrease
the goodness of fit. (iii) As no data was available for the
resource of the prey, the parameters of the prey were confined
only by the prey data, leaving more flexibility to improve the
fitting in the prey’s states. Contrarily, the parameters of the
predator were more restricted, as both prey and predator data
was available, leaving less flexibility for fitting the predator’s
states.

Interestingly, the type of population dynamics affects the
quality of the inference as well. Population cycles contain
a higher degree of information on the system than steady
states, as also rates of change are apparent, additional
to the biomasses of the trophic levels. This manifests in
more narrow parameter estimates (Figure 4) and leads to
more certain predictions (Figures 2, 3). Also, steady-state
fits give rather (and partially unrealistically) high estimates
for algal growth rates, whereas those from cyclic population
dynamics are estimated close to published values. These
findings were also confirmed in a simulation study by fitting
the model to synthetic data generated by known parameters
(Figure 1).

Variability in key parameters suggests a heterogeneity in the
traits that are encoded by these parameters. Heterogeneous traits
imply intra-specific variability which may enable populations to
escape perturbations and to persist in the presence of strong
stressors (Reusch et al., 2005; Bell and Gonzalez, 2009; Chevin
et al., 2010). Bayesian parameter inference provides uncertainty
estimates on key parameters and thereby allows to detect such
variability in experiments. We propose that this technique may
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also help to quantify the presence of trait heterogeneity in
nature.
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